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SUMMARY 



The deformation of two sheet- stringer panels subject- 
ed to end compression under carefully controlled end con- 
ditions was measured at a number of points and at a number 
of loads, most of which were above the load at which the 
sheet nad begun to buckle. The two panels were identical 
except for the sheet, which was 0,070-inch 24ST Alclad for 
specimen 1 and 0. 025-inch 24ST aluminum alloy for specimen 
6. A technique was developed for attaching Tuckerman op- 
tical strain gages to the sheet without disturbing the 
strain distribution in the sheet by the rnetiiod of attach- 
ment. This technique was used to explore the strain dis- 
tribution in the sheet at various loads. The twisting and 
the bending of the stringers were measured by means of 
pointers attached to the stringers. The shape of the 
buckles in the sheet of specimen 5 was recorded at two 
loads by means of plaster casts. 

The sheet and the stringer loads at failure are com- 
pared with the corresponding loads for five similar panels 
tested at the Navy Model Basin. A detailed comparison is 
made between the measured deformation of the buckled sheet 
and the deformation calculated from approximate theories 
for the deformation in a rectangular sheet with freely sup- 
ported edges buckling under end compression advanced by 
Timoshenko, Erankland, and Marguerre. The measured effec- 
tive width for the specimens is compared with the effective 
width giv^n by nine different relations for effective width 
as a function of the edge stress cr divided by the buck- 
ling stress Q of the sheet. 

The analysis of the measure! stringer deformation is 
confined to an application of Southwell's method of plot- 
ting deformation against deformation over load. If the 
stringer approaches instability in accordance with South- 
Welles relation, the deformation will be a linear function 
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of the deformation divided "by the lead and the slope of 
the straight line obtained will "be equal to the elastic 
buckling load. A good check with the observed ultimate 
load was obtained from a plot of the twisting deforma- 
tion and of bending deformation as indicated by the 
pointer readings and of bending deformation as measured 
by differences in extreme fiber strains in those cases 
in which all observed points, could be brought to scatter 
about a common straight line; It was concluded that the 
stringer failure in both specimens was due to an insta- 
bility in which the stringer was simultaneously twisted 
arid bent as a column. 



INTRODUCTION 



The strength of shee t - s t.r i nger panels in end. compres- 
sion has become a problem of importance with the increas- 
ing use of stiffened sheet to carry compressive loads in 
box beams for airplane wings and in other types of mono- 
co que contruct i on . 

The buckling of the sheet between stringers in a 
panel under end compression, the strain distribution %n 
the sheet, and the- effective width of the sheet as a func- 
tion of the stringer stress, have been considered from a 
theoretical point of view by a number of authors (refer- 
ences 1 to 24). Experimental studies confirming thi s the- 
oretical work have been few in number and restricted in 
scope (references 25 to 30). The present paper gives the 
results of an experimental study under carefully controlled 
end conditions of two sheet- stringer panels in end compres- 
sion, which was carried out at the National Bureau of 
Standards for the Bureau of Aeronautics of the Navy Depart- 
ment . 



The tests had as their 
the strain-distribution in 
of their strength with the 
tested at the Navy Model Ba 
the observed deformations w 
ing methods of analysis. 



purpose (1) a determination of 
these panels, (2) a comparison 
strength of similar panels 
sin, and (3) a comparison of 
ith those predicted from exist- 



In connection with this study, convenient procedures 
were developed for measuring the strains in the buckled 
sheet, for observing the shape of the buckles, and for 
following the deformation of the stringers. The observed 
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results were compared with various theories. The compari- 
son suggests certain modifications in the theoretical at- 
tack that would probably lead to better agreement between 
the calculated and the observed deformations of the sheet. 

The authors are indebted to the Navy Department for 
permission to publish this work. They also acknowledge 
with pleasure the close cooperation with members of the 
Structures Section of the Bureau of Aeronautics and the 
experimental model basin of the Bureau of Construction and 
Repair, Navy Department, and, in particular, the many val- 
uable suggest ions received from Dr. J. M. Jrankland of 
the Structures Section. 



SPECIMENS 



The two test specimens are described in table I and 
in f i gur e 1 . 

Young's modulus, the yield strength in tension , and 
the tensile strength of -each sheet and of each one of the 
six stringer s, had been obtained by the Navy Department 
with Huggenberger ext.enscme t er s . They are summarized in 
table II. • ■ 

The properties of sheets and stringers are seen to 
be nearly uniform except the low value of Young's modulus 
for tne Alclad sheet of specimen 1, which is, however, in 
agreement with published data (reference 31). 

In. addition to the tensile test, flat-end-column tests 
were made at the model basin on four stringers ranging in 
length from 2 to 6 inches. The maximum loads for these 
specimens are plotted against length in figure 2. They 
range from 5,550 pounds for the 2-inch specimen to 5,500 
sounds for the o-inch specimen. .. 

Flat-end-column tests on two additional stringer 
specimens, 5 and 8 inches in Length. * were made at the 
National Bureau of Standards. These specimens were cast 
in Wood's metal to a depth of 3/3 inch at each end as shown 
in figure 3A. Figure 3 also shows both Specimens after 
failure. Figures 4 and 5 give the results of extreme 
fiber-strain measurements at the midlength of each stringer. 
The- strains are practically identical nearly up to failure, 
thus showing that the stress distribution was very nearly 
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uniform over the section of the specimen and that failure 
must have occurred quite suddenly. Additional readings 
of twist on the short specimen showed that its failure 
was primarily one of torsional instability; this fact is 
also "brought out by the final failure, which left the cen- 
ter line o-f the specimen practically straight. 1 The fail- 
ure of the 8-inch specimen, on the other hand, was prin- 
cipally due to column action; the center portion was se- 
verely bent after failure. The maximum loads are shown 
in figure 2 for comparison with value obtained at the 
model basin. They are a few percent higher; this dis- 
crepancy is probably due to the restraint of the ends by 
the Wood 1 s metal . 



TESTS 
Loadi ng 



Figure 5 shows specimen 1 assembled for a Compressive 
test in the horizontal hydraulic testing machine of 
2,300,000 pounds capacity. The following procedure was 
used for mounting the specimen. Each end of the specimen 
was centered on the rigid steel block A in such a manner 
as to make the ends of the specimen equidistant from the 
ends of the block and to make the vertical axis through 
the centroid of the entire cross section of the specimen 
pass through the center of the face of block A, which was 
in contact with the specimen. Copper pins driven into 
holes in the contact faces of blocks A provided keys for • 
holding Wood's metal. In order to hold the specimen in 
the centered position and to provide support against crink- 
ling of the sheet, Wood's metal was poured around the ends 
of the specimen and the pins to a depth of 3/8 inch. 
Later measurements showed that the centroid of the sheet- 
stringer section for specimen 1 lay 0.057 inch above the 
point halfway between the ends, which introduced a small 
bending moment due to eccentric application of load that 
had t.o be considered in analyzing the results of the test. 
Each steel block A was centered on the faceplate B of the 
loading head C with the help of a dowel fitting into a 
central hole in both A and B, The loading head C and the 
knife-edge support G- were taken from a bell-crank fixture 
of 75,000 pounds capacity for testing wing beams under 
combined axial and transverse loads. The faceplate B was 
free to turn about a vertical axis by being placed in a 
cylindrical bearing cut in the loading head C. It was 
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also free to turn about the horizontal axis defined by the 
knife edge. This arrangement assured that the stress dis- 
tribution over the end section of the specimen would be 
uniform at loads below those producing buckling of the 
sheet (except, in the case of specimen 1, the small bend- 
ing moment due to the eccentri city-, already mentioned). 
The cylindrical bearings in the loading heads C were 
locked before the buckling load of the sheet was reached 
to hold the ends fixed against rotation about a vertical 
axis. 

The edges of the sheet parallel to the load were sup- 
ported by two pairs of bars D designed to approach as 
closely as practicable a condition of simple support (zero 
displacement normal to the plane of the sheet and zero 
bending moment). It is realized that these conditions of 
support did not exactly reproduce those at the stringers; 
however, the tests indicated that they were a satisfactory 
approximation. Figure 7 shows the construction of the 
edge-support bars. The bars were separated with spacers 
of thickness shown in figure 7. This allowed the sheet to 
slip in to the point of tangency with the two curved faces 
of the bars. The two pairs of bars D were then placed a 
constant distance apart with the help of the spreader bars 
S (fig. 5), allowing a small clearance between the spacers 
and the sheet in order to permit expansion of the sheet un- 
der the action of the compressive load. The whole frame- 
work D and E supporting the edges of the sheet was carried 
by a pair of rollers F resting on the end blocks A (fig. 6) « 



Measurement of Strain 

At tachm ent o f s train g a g^ej.^.- Several schemes were con- 
sidered for attacning a large number of strain gages to the 
sheet without disturbing the strain distribution in the 
sheet by the method of attachment. Figures 8 and 9 illus- 
trate the scheme that was finally adopted because of its 
relative siraplici ty and convenience. Each.. gage and its 
mate on the opposite side of the sheet were held directly 
against the sheet either by a wire or by a fork formed of 
aluminum-alloy . sneot bearing. and rocking on a roller, 
which in turn rested on the strain gage. The ends of the 
wire or of the fork, as the case might be, were held by 
stretched rubber bands whose sheet end was anchored to an 
aluminum-alloy hook attached to the sheet surface of the 
specimen. A particularly firm attachment of the anchoring 
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patch was obtained by first varnishing the specimen with a 
spar varnish, then placing on it a patch of Scotch tape, 
varnishing the edges of the Scotch tape down again to pre- 
vent peeling under sustained tension, and finally cement- 
ing the anchor piece of sheet metal to the patch with a 
drop of hot De Khotinsky cement. The intermediate patch 
of Scotch tape pr ev en t ed . spa 1 1 i ng off of the anchoring 
patch even with severe "buckles in the sheet, 

C_£r r £ ct 1 on .o^f _r eadin<p; s f or r ,b o wj ng_ r o f med ian f ibe. r . - 

A correction had to be applied to the average of the meas- 
ured strains in order to. give the actual median fiber 
strain in those- cases in which the buckles were very se- 
vere. The average of the extreme fiber extensions or 
contractions does actually give the extension or contrac- 
tion at the median fiber with great accuracy. Part of "he 
contraction, however, is due to the bowing of the median 
fiber (fig, 10) and an amount equal to the shortening 



AA 1 - AA 



must be added to the average extensions to give the exten- 
sions due to strain only 

£ i + £ 2 AA 1 - AA 1 

€ = + (1) 

2 I 

where € x and e 2 are the measured extreme fiber exten- 
sions per unit length as given by the two strain gages 
attached to each side of the sheet. Assume that the radius 
of curvature r of the buckle remains constant over the 
gage length I. The shortening due to bowing is then, 
from figure 10, 

— . /cp cp 3 1 cp 5 

AA r - AA 1 = rep - 3 r sin cp/2 = rep - 2r - - — + ■ 

\B 43 120 32 

= _ rep ( cp 2 + A = -S* (Z) 1 (-) + ... 1 (2) 

24 ^ 80 /' 24 M/ L 80 V r / J 



The radius of curvature r may be calculated from the dif- 
ference in extreme fiber extensions per unit length by using 
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the well-known relation 

1 € 



1 8 
r h 



where a is the thickness of the sheet. Inserting this 
relation in equation (2) and the resulting expression in 
equation (1) pives the following relation between the 
median fiber strain € and the .neasured extreme fiber 
extensions oe-r unit length e, and e • 



+ « B " 1 



2 l24 v h/ 1 " i[ 80 Vn J 



The correction that must be added to the average extension 
per unit length in order to give the strain at the median 
fiber is given by the second term on the right-hand side 
of equation (4). It may be calculated frora the known gage 
length I, the sheet thickness h, and the measured ex- 
treme fiber extensions per unit length e 1 and e p . 

Observed strain distributions.- The strain distributio n 
in specimen 1 was measured at the locations shown in figure 
9 with nine pairs of 1-inch luefcerman optical strain gages 
attached to the sheet and three pairs of 2-inch Tuckerman 
optical strain gages attached to the stringers and the por- 
tion of the plate to which the stringers were riveted. An 
attempt was made in a preliminary run to measure the axial 
strains at four stations between adjacent stringers, as 
shown in figure 6. It was found, however, that, this pro- 
cedure placed the gages so close to each other that several 
of them interfered with one another as soon as the plate 
began to buckle. All gages functioned properly with the 
distribution shown in figure 9 up to loads well beyond that 
required to buckle the sheet. 

Figure 11 shows the distribution of axial median fiber 
strain along the 1 transverse center line of specimen 1 at 
compressive loads ranging from 5,000 to 25,000 pounds. The 
median fiber strain was computed from the strains indicated 
by the two strain gages placed on opposite sides of the 
specimen, the correction for bowing (equation (4)) being 
made in those cases where the bowing was appreciable. The 
median fiber strains so obtained show a consistent behavior 
although the extreme fiber strains were in some cases very 
different from one another, owing to the bending produced 
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by the buckles. The amount and irregular nature of this 
bending for the 25,000-pound load can be seen from the 
plot of extreme fiber strains shown in figure 12. The ex- 
treme fiber strains are close to each other at the string- 
ers only. The values of strain on the stringer side shown 
for these points were actually measured on the extreme 
fiber of the stringer; reducing to the extreme fiber of 
the sheet would bring the strains still closer together. 
Figure 12 emphasizes the necessity of measuring strains on 
opDOsite sides of the sheet in tests of this type. Figure 
11 shows that the axial strain was approximately uniform up 
to loads of around 13,000 pounds. Beyond this load, the 
stringers took an increasing proportion of the load while 
the sheet was relieved of part cf its share of the load by 
the formation of buckles. 

The increase in strain on stringer A as compared to 
stringers B and C may be accounted for by the presence of 
the small moment M e = ep m 0.057 f inch-pound due to ec- 
centric loading. This moment will produce a bending strain 
at a distance from the centroid (fig. 11) given approxi- 
mately .by Ac x = d e x/EI for loads too low to produce buck- 
ling of the sheet. The resultant strain ^ oay be calcu- 
lated by adding the bending strain to the axial strain: 



€ 

X 



2- fl + ex M • (5) 
AE v I ' 



iVith the numerical values A = 1.51 sq. in., E = 10.4 X 10 6 
Ib./sq. in., I = 28.0 in. 4 , and e = 0.057 in., this equa- 
tion b e c o me s 

c x = p(l + 0.00307 x) ' (6) 

15.7 X 10 6 



The corresponding straight lines are shown dotted in fig- 
ure 11 fo/loads of 5,000, 9,000, and 13,000 pounds. 
The agreement between observed and calculated strains be- 
low the load producing buckles in the sheet is seen to be 
satisfactory. The simple beam formula (equation (5)) 
ceases to describe the strain distribution for loads equal 
to or greater than 17,000 pounds. Beginning with this 
load, the axial strain changes, r elatively slightly at a 
point midway between stringers while it increases rapidly 
near tfcta stringers. The load carried by the sheet becomes 
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a decreasing proportion of the total load and the strain 
distribution takes on a characteristic wave pattern, - 

It would not be correct to conclude from the fairly 
regular wave pattern of the axial median fiber- strains 
that the extreme fiber strains would be equally symmetri- 
cal. Figure 12, which shows both the axial extreme fiber 
strains and the median fiber strains along the transverse 
center line of specimen 1 for the 25,000-pound load, in- 
dicates almost no bending between stringers A and B, con- 
siderable bending between stringers B and C, and even more 
bending between stringer C and the outside edge of the 
specimen. A nodal line in the wave pattern between A and 
B was apparently associated with a crest between C and tho 
edge; the buckle pattern in a given bay between two string- 
ers seemed to be independent of the buckle pattern in ad- 
jacent bays up to a load of 25,000 pounds. 

The beginning of buckling in the sheet was indicated 
by a sudden increase in the bending strain as measured by 
the difference in reading on strain gages on opposite 
sides of the sheet. This ic clearly shown in figure 13 for 
the readings of tne transverse strain gages. The bending 
strain increased ten times as the stringer stress increased 
17 percent from 12,000 to 14,000 pounds per square inch. 

All the strain gages were -removed from the sheet at 
a load of 26,000 pounds and only the three pairs of gages 
shown in figure 14 were kept on to indicate stringer strains 
for loads above 26,000 pounds. The strain readings on the 
stringer gages are plotted against load in figure 15. 

Figure 16 shows the axial strain distribution for 
specimen 6. Buckling of the sheet in the case of this 
specimen was observed at a load between 1,000 and 2,600 
pounds corresponding to an average stress P/A between 
1,260 and 3,300 pounds per square inch. With the progress 
of buckling, the average compressive strain at a section 
midway between the stringers decreased slowly until it 
actually turned into a small tensile strain for two of the 
bay s . 

The axial extreme fiber strains along the transverse 
center line of specimen 6 are shown for a load of 10,900 
pounds in figure 17. As in the case of specimen 1, there 
seems to be no transfer of deformation due to buckles 
across the .stringers; the buckle pattern in a given bay 
between two stringers seems to be unaffected by the buckle 
pattern of adjacent bays up to a load of 10,900 pounds. 
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The measurements of axial strain along the transverse 
center line of specimen 5 were followed "by measurements of 
transverse and of axial strain in other portions of the 
specimen. In the course of. these measurements, it appeared 
that the strain readings at a given load and a given loca- 
tion could he repeated within the observational error in 
successive tests. It was concluded that the measured .strain 
distributions could be superposed on each other just as if 
they had all been determined simultaneously and that they 
could be applied in calculating stresses from strains. 

The. distribution of axial median fiber strains along 
the transverse center line was obtained from strain gages 
mounted on the specimen in the same locations as shown in 
figure 9 for specimen 1. Transverse strains were measured 
along three 1-incn gage lines on the transverse center 
line as shown in figures 18 and 19. The results of these 
measurements for bay 3 (between stringers 3 and R) are 
shown graphically in figure 20 . 

Figure 21 shows the distribution of both axial and 
transverse median fiber strain along an axial line midway be 
twoen two stringers as obtained from strain gages mounted 
as shown in figures 19 and 22. 

Three 2-inch strain gages were mounted on stringer E 
as shown in figure 22 to measure the variations of stringer 
strain along a buckle. The resulting average strains were 
found to be nearly constant; the gages apparently covered 
too large a portion of a buckle to indicate the variation 
of strain along the buckle. 

All strain gages were removed fro. a the sheet at a load 
of 12,500 pounds and only three pairs of gages were kept on 
the three stringers, as shown in figure 14 for specimen 1, 
to give values of the stringer strains for loads above 
12,500 pounds. The strains in the individual stringers are 
shown in figure 23. 



Shape of Buckle from plaster Casts 

The analysis of test results from the first specimen 
showed the importance of an experimental determination of 
the shape of the buckles in the sheet. It was decided, 
accordingly, to attempt plaster of paris casts of the con- 
tours after buckling of the sheet of specimen 5. Good 
plaster of paris casts of the sheet side of specimen 6 
were obtained by the following method. 
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The specimen was very lightly greased with soft cup 
grease; a cover was placed "between the sheet side of the 
specimen and the vertical suspension members I (fig. 14) 
to form a "backboard for the piaster cast. A piece of 
paper was inserted between the backboard and the cast to 
prevent sticking of the plaster to the backboard. Scotch 
tape was used to seal the plaster container and to attach 
it to the specimen. The plaster was poured slowly into 
tke container and was allowed to harden for 5 to 10 min- 
utes; the cast was then removed from the specimen. Figure 
24 shows, sections of plaster casts obtained in this manner. 
Contours of the casts were measured as follows. The cast 
was fastened to the tablo of a milling machine so that the 
rivet lines were parallel to the longitudinal feed screw, 
A dial micrometer was attached to the spindle to measure ; 
the change in vertical distance between the surface of the 
cast and the spindle, from which the elevation of the meas- 
ured point on the cast was computed. The position of the 
measured point in a horizontal plane was determined with 
the longitudinal and cross feed screws of the milling ma- 
chine . 

Some of the results Of the contour measurements are 
shown in figures 25 to 23. 

Figure 25 shows the deflection at a load of 5,Q00 
pounds along' lines parallel to the stringers extending the 
length of a complete buckle. The deflection is nearly 
sinusoidal except for lines close to the stringers. At 
the stringer, only the small buckles of the sheet between 
rivets remain, 

Figure 26 shows the deflections at a load of 5,800 
pounds along lines extending at right angles to the load 
from stringer to stringer. The deflection in the trans- 
verse direction is seen to deviate considerably from a 
sine curve. The slope of the curve decreases as the 
stringer is approached, owing to the restraining moment 
from the torsionally stiff stringer. 

Figures 27 and 23 show deflections at loads of 6,800 
and 10,900 pounds, r e sp ec t i v e ly ,' along transverse and axial 
lines passing through the crest of a buckle. The approxi- 
mately 60-percent increase in load produces an increase in 
deflection of about 30 percent without a noticeable change 
in the shape of the buckle. 
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Deformation of Stringers from pointer Readings 

It ap-oeared desirable to follow the development of 
failure in" the stringers and to obtain a qualitative pic- 
ture of the type of failure. • • 

The two strain gages placed on each stringer, one on 
the sheet side (fig. 14) and the other on the stringer 
side (fig. 9), will measure only the extreme fiber strains 
in the stringer; they will not indicate the amount of twist 
in the stringer, neither will they give a clear picture of 
the amount and the type of buckling. 

In order to get a picture of the twisting and the 
buckling of the stringer up to failure, it was suggested 
by Dr. J. M. Frankland of the Bureau of Aeronautics that 
pairs of pointers should be attached to the outstanding 
flange of each Z- stringer. The displacements of these 
pointers would be a measure of the relative angular dis- 
placement of the sections to which they were fastened. 

Two types of pointers were employed. The type used 
on specimen 1 is shown diagrammat i cal ly in figure 29. The 
pointers consisted of polished air rifleshot mounted on 
the ends of two wires, one normal to the sheet with coor- 
dinates b x , c 1 relative to the centroid of the stringer 
and the other parallel to the sheet with coordinates b 2 , 
c 2 , Figure 30 shows a photograph of the installation on 
specimen 1. The highlights on the balls served as refer- 
ence points for measuring the distances from each ball to 
one of the horizontal and one of the vertical reference 
wires A-A, B-B connected to the heads of the machine. The 
photographs were made. on glass plates with a highly cor- 
rected lens working at F32; measurements were made from 
the plate by means of a Zeiss traveling microscope. The 
least measurable relative displacement was of the order of 
0.002 inch. A displacement of 0.002 inch corresponded to 
a twist of 0.0004 radian. 

Since there are two pointers at each section, four 
displacements may be read: two displacements u x , u 2 in 
a horizontal direction (fig. 29) and two displacements 
v 1 , v 2 in a vertical direction. From these four dis- 
placements and the known axial strain $ % in the stringer, 
the twists 9 Z> 6 y , 6 Z about, three axes through the 
centroid may be computed for a stringer section at a dis- 
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tan.ce x from the transverse center line by . substituting 
in the following formulas: * 



h - 



V 3 - V ! 



tojU a - l). s .Uj + ("b a - b 1 )xe x 

C 1 U 3 - C 2 U 1 + ( C 2 ~ C l) xG x 



C 2 tl 1 



G l b 3 



(7) 



where the subscripts 
and 2 in figure 29. 



a n d 



refer to the pointers. 1 



Substitution of the measured pointer displacements 



x » 



for stringer 3 in equation (7) gave the rotations 8 

6~ f 6_, shown in figures 31 to 33 for loads from 23,000 
«y z 

to 35,500 pounds. failure occurred by critical 

instability of the stringers at a load of 36,500 pounds. 



The twist 



6* 



about the axis of the stringer is seen 

from figure 31 to alternate at low loads from positive to 
negative values corresponding roughly to the buckles, which 
are shown diagrammat i cally below the curves. As the load 
increases, a twist of the stringer as a whole is superposed 
on the alternating twist. 



The twist 



about the axis normal to the stringer 



in plane of the sheet, which is shown in figure 32, ap- 
proaches zero at the ends and the middle of the stringer. 
The stringer deforms like a column with clamped ends bend- 
ing out of the plane of the sheet (see also sketch in fig. 
32). ' 



The twist 



of stringer B 
in figure 33. 



about an axis normal to 

the sheet is shown in figure 33. The twist about this 
axis is too small for accurate measurement; it shows oscil- 
lations that are probably due to the buckles in the adja- 
cent sheet . 



The curves G y (x) and G z (x)' must have an average 
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value of zero to satisfy the condition of zero displace- 
ment v, w at the ends of the stringer; this requirement 

follows directly from the relations 6 = dw/dx and 

«y 

G = dv/dx connecting w and v with G^ r and 6 re- 
z ' y 

spectively. Actually, 6 y and 6 2 were found to have 

average values definitely higher than zero. An examina- 
tion of the data showed that this discrepancy could be as- 
cribed to a small displacement to one side of the equidis- 
tant vertical wires 3-B (fig. 30), the displacement in- 
creasing with the load. No attempt was made to correct 
the curves in figures 32 and 33 for this displacement, 
since the correction would only involve downward displace- 
ment of each curve as a whole. 

The deformation of the stringers of specimen 6 was 
also measured with pointers. A different method was used 
which gave greater accuracy and was more convenient than 

the method applied to specimen 1. The twists G , G . 

rxr . . x y 

and Q were measured "by the relative displacements 
v i ~ v 3 » u i - u 3 * &&4 u 2 - u 3 , of three black crosses 
that were marked on cardboard glued to sheet aluminum 
pointers attached to the web of the Z-section at the cen- 
troid as indicated in figures 34 and 35. The twists of 
the section about axes through the centroid are given by 
(see fig. 35) : 



- v 



u. 



u 



u. 



- u„ 



e a 



G - 



(8) 



1 3 



13 



'2 3 



where c,_ and b 0 „ are the distances between the crosses 
indicated in figure 35 and where u 1? u 2 , and u 3 denote 

displacements of the crosses 1, 2, and 3, parallel to the 
stringer, and v 1 and v 3 denote displacements of the 

crosses 1 and 3 normal to the stringer and parallel to the 
plane of the sheet. Attachment of the pointers to the web 
of the Z section rather than to the outstanding flanges 
prevented errors from local buckling of the flanges of the 
stringer. The use of the third cross 3 permitted the meas- 
urement of twists without having to measure displacements 
relative to a distant reference wire as in specimen 1 (fig. 
30) and eliminated the errors from a displacement of the 
reference wires. The use of black crosses provided more 
accurate reference marks than the high lights on the rifle 
shot and permitted the measurement of twists G x and 6 y 

with a sensitivity of about ± 0 , 0002 radian . 
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Figures 35 to 38 show the rotations G v , 6 V> and 

x y 

G z for the central stringer H of specimen 5 for loads 
ranging from 1 , 400 to 18,000 pounds, 

Figure 36 shows the twist G„ about the axis of the 

stringer. Comparison with figure 31 shows a relative pre- 
dominance of the over-all twist of the stringer as a rod 
twisted from the ends on which are superposed the alter- 
nating twists due probably to the buckles in the sheet. 

Figure 37' shows the rotation G of stringer R due 

to bending about an axis parallel to the plane of the sheet 
at right angles to the stringer. Comparison with figure 
32 shows that this bending is different in distribution and 
is of much lower magnitude. The experimental error in 
reading £^ is too large to establish the nature of the 

bending definitely; it is probably clue in part to the ac- 
tion of the buckles in the sheet while, for specimen 1, 
the bending was due principally to column action of the 
s tr inger . 

Figure 38 shows the rotation £ _ about an axis nor- 
mal to the sheet. The :ueap'ired rotations are very small 
and lie, in most cases, within the accidental scatter of 
points, which was found to be of the order of -±0.002 ra- 
dian for these mea sruement s , This relatively large scat- 
ter can be ascribed to the replacement of the Zeiss trav- 
eling microscope by another microscope that could measure 
the relative displacement of two points as far apart as 
points 2 and 3 (fig. 35). The general slope of the points 
from right to left indicates a small amount of bending of 
the central stringer in the plane of the sheet. 

Failure of specimen 6 occurred by critical instabil- 
ity of the stringers at a load of 18,'400 pounds. The 
sheet side of specimen 5 after failure is shown in figure 
39. Comparison with figure 14 shows that the 0.025-inch 
sheet of specimen 6 buckled between rivets in a number of 
places but that there was no buckling between rivets for 
the 0.07-inch sheet of specimen 1. 

. COMPARISON ITI'IH MODEL BASIN RESULTS 

A comparison of the test results from the two sheet- 
stringer specimens given herein with five specimens of the 
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same design and of various lengths tested at the Navy model 
basin are shown in figures 40 and 41 and in table III. 

Figure 40 shows the average load per stringer element 
and per'sheet element plotted as a function of the external 
load on the specimen for the three 0.07-inch Alclad panels 
tested at the model basin and for specimen 1 tested at the 
National Bureau of Standards. The stringer load for speci- 
men 1 was calculated by multiplying the average stringer 
stress for the three stringers by the stringer area, the 
stringer stress being determined from the measured stringer 
strains -.(fig. 15) and the s t r e s s - s t ra in curve of the 
stringer as given by the short-column test (fig. 4). The 
average plate load was then taken as one-fourth the differ- 
ence between the total external load and the load on the 
three stringers. The points for the specimens tested at 
the model basin were taken from. curves giving stringer 
1 oad s and plate loads, which were obtained from the Bureau 
of Aeronautics of the Navy Department. The stringer loads 
for these curves were calculated by multiplying the meas- 
ured average stringer strain at the center section by a 
Young's modulus of 10.5 X 106 pounds per square inch and 
by the stringer area of 0.13 square inch. The points In 
figure 40 were copied from these curves, except for a small 
correction for yielding made with the help of figure 4. 
The points for the four specimens scatter about a common 
curve beginning with a straight-line portion, in which the 
ratio of'stringer load to plate load remains constant up to 
an external load of about 20,000 pounds. Beyond this load, 
the sheet ceased to carry its full share of the load because 
of buckling and the slope of the two curves changes to an- 
other pair of straight lines. The load at failure varied 
through a small range from 35,000 pounds to 37,000 pounds. 

Figure 41 shows the corresponding set of curves for 
the three 0.025-inch specimens, two tested at the model 
basin and the third at the National Eur eau of Standards 
(specimen 5). In this case, buckling of the sheet occurred 
at a much lower load and the two curves cease to be straight 
lines through the origin beginning at a load of about 2,000 
pounds. The stringer loads for the specimens tested at the 
model basin were consistently lower than for specimen 6, 
the difference being as much as 8 percent for some of the 
points. There was also a considerable difference in the 
load at failure, which was 15,800 and 16,100 pounds for the 
specimens tested at the model basin and 18,400 pounds for 
the specimen tested at the National Bureau of Standards. 
The difference is believed to be due to the difference in 
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the. end restraint of the panel, for the two tests. The 
specimens • at the model basin were tested with bare flat 
ends while the specimen at the National Bureau of Standards 
was tested with flat ends cast in Wood's metal. The cast- 
ing-in of the ends probably served to give greater end re- 
straint to the stringers and to prevent local crinkling 
and subsequent failure of the thin sheet at the ends. 

The sheet-load curves in figures 40 and 41 were used 
to compute the effective width of the sheet by applying the 
definition of effective width as the widtn of sheet that, 
subjected to a uniform stress equal to the stringer stress, 
will support a load equal to the sheet load. The ratio of 
the effective width w to the initial width. w Q of the 

sheet between adjacent stringers is then equal to the ratio 
of the average sheet stress ^ S M S to the average stringer 
stress -^st/^st' which leads to the formula 

. ' : F /A 

s s 

w = w Q . (9) 

P /A i • S\ 

st st 

where P s and P s ^ are the measured sheet loads and 

stringer loads, w Q - 4 inches is. the initial sheet width, 

and A g and A«* are the cross-sectional areas of a 

sheet element and of a stringer element, respectively. 
The effective widths for the specimens with the 0.070-inch 
sheet in figure 42 group about a common curve for stringer 
stresses above the buckling stress. : Figure 43 shows that, 
the effective widths of the thin- sheet specimens 4 and 5 
tested at the model basin were generally greater than those 
for specimen 6 up to loads approaching failure; near the 
ultimate, the effective widths of all three specimens had 
approximately the same value. 

Table III summarizes the loads per sheet element and 
stringer element, together with the average • stringer 
stresses and effective widths at failure for the five 
specimens tested at the model basin and the two specimens 
"tested at the National Bureau of Standards. 

• The total loads at failure for the four specimens of 
0.070-inch 24ST Alclad were found to be nearly independent 
of the length of specimen and the location of test, the 
•values ranging from 35,000 pounds to 37,000 pounds. In the 
case of the three specimens of 0.025-inch 24ST sheet mate- 
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rial, the total load at failure of 18,400 pounds for the 
specimen tested at the National Bureau of Standards is 
about 15 percent higher than the loads of 15,800 and 
15,100 pounds for the two specimens tested at the model 
basin. The difference is due principally to the increase 
of about 21 percent in the average load carried by the 
stringer element for specimen 6 as compared to that car- 
ried by the stringer element of the specimens tested at 
the model basin. 

The sheet load at failure was very nearly constant 
for a given thickness of sheet, ranging from 5,500 to 
5,550 pounds f-or the 0.070-inch 34Sf Alclad sheet and 
ranging from 900 to 1,100 pounds for the 0.025-inch 34ST 
sheet . 

The average stringer stress at failure was equal to 
36,200 pounds per square inch for each one of the two spec- 
imens tested at the National Bureau of Standards. It 
ranged from 30,200 to 38,400 pounds per square inch for 
the specimens tested at the model basin, the stringer 
stress at failure being about 10 to 20 percent lower in 
two 19-inch specimens tested at the model basin compared 
with the two 19-inch specimens tested herein. Good agree- 
ment was obtained between the stringer stress at failure 
for the shorter specimens 2a and 2B and the two specimens 
tested at the national Bureau of Standards. The relative 
loss in buckling strength of the stringers for specimens 
4 and 5 tested at the model basin is probably due to the 
difference in end condition, the bare, flat-end condition 
providing less restraint than the casting of the ends in 
'flood's metal used in the present tests. 

COMPARISON WITH THEORETICAL RESULTS 
Deformation of Sheet 

Timo shenko 1 s theory . - The deformation of the buckled 
sheet between the stringers may be theoretically approxi- 
mated by Timo shenko 1 s theory (reference 19, pp. 370, 390, 
etc.), which considers each buckle to be deformed as a rec- 
tangular plate or sheet "buckling under edge compression. 
Figure 44 shows the coordinates that were used in applying 
Timo shenko f s theory as well as the other theories considered 
later in this paper. Timoshenko assumes the displacement w 
normal to the plane of the sheet to be a sinusoidal buckle: 



w = 



cos cos gi 
<3a <3b 



(10) 
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He approximates the &t splacemeat u in the plane of tho 
sheet and in the direction of trie load "by 



u 



The mean displacement 
fore corresponds to a 

Often t v in the plane 
taken as 



ttx Try 
sin — cos — - ex 

a 2b 

in the direction of 
compressive strain 
of the sheet nor ma 1 



(id 



the load there- 
e. The displace- 
to the load is 



v = 



Bin 



Try 



CO s 



TTX 

2a 



-f ay 



(12) 



The constants f, C x , and C p are determined by making 
the strain energy corresponding to a given compression e 
a minimum. The constant a is taken as zero for the case 
in which the edges y =? ^b of. the plate are assumed to be 
fixed against a displacement v in the y direction. It 
is calculated for the case of edges y -~ free to ex- 

pand in the y direction by so determining a that the 
sum of the normal stresses along the vertical edges of the 
plate is equal to zero. 



In applying expressions (10) to (12) to describe the 
deformation in a buckled sheet, the edge conditions of zero 
curvature and constant displacement along the nodal 
x = -a of the buckle are satisfied. The restraint 



the stringer edges y = 
will be affected by the 
the stringer as well as 
siieet to the stringer, 
spend to edge conditions 



lines 
along 
, It 



xb is far'more complicated 
torsional and flexural rigidity of 
by the method of attachment of the 
The assumptions (10) to (12) corre- 
of zero bending moment and zero 



normal displacement at t:.ie stringer. Such edge conditions 
cannot be satisfied by a stringer of practical design 
since these stringers would necessarily have zero torsional 
rigidity coupled with infinite flexural rigidity about one 
principal axis. It will be assumed, nevertheless, for the 
purpose of comparison, that the sheet deforms as described 
by equations (10) to (12), a' in equation (12) being chosen 
for the case. of free expansion in the y direction along 
the stringer edges. The order of agreement between ob- 
served and calculated deformations will then be taken as a 
measure of the adequacy of Timoshenko's approximate theory 
as applied to trie present problem of the deformation of the 
buckled sheet in sheet-str ingor panels. 
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The median- surf ace strains may he calculated according 
to Timoshenko from the assumed displacements u, v, and 
w "by substituting them in the equations 



7 

1 xy 



y Sy 2 x oy / 



dv 3u 3w dw 
3x dy dx Sy 



(13) 



Equations (13) will contain the unknown constants C l , 0 2 , 
and f. The values of these constants are determined "by 
making the total strain energy stored in the plate a mini- 
mum. Tho procedure of calculation is o^^tlined in detail 
in reference 19 (p. 391), Timoshenko carries the calcula- 
tions to a numerical conclusion only for the case of a 
square sheet (b/a = 1). If the calculations are carried 
out for the more general case of a rectangular sheet, the 
following expressions result for the constants f, C 1? and 
C 2 with an assumed value of Poisson 1 s ratio v = l/3: 



f = 1.07 t 



= 0.139 



= 0.139 



(b/a) n -;4 
2H(h/a) 2 



f 2 R n 



f s H. 



(14) 



where 



is the thickness 



n 



*/©cr 



ratio of sheet strain at stringer 



y = ■• b to the critical strain 
which "buckling occurs. 



'cr 



at 



H 1 , and B g , functions of "b/a given "by fig- 
ure 45 (R 2 rather than B was plotted "because 
it occurs more frequently in subsequent equa- 
tions) . 
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The critical strain for "buckling of the sheet is given 
"by the equation 

e cr I 0.927 —\£tlt>—Ll 1 2 ' (15) 

The functions R, R x , and R 2 were adjusted to "be equal 
to unity for the case of the square sheet ("b/a = 1). ?or 
this special case, the formulas (14) and (15) will reduce 
to the corresponding expressions given "by Timoshenko except 
for minor differences that may "be ascribed to Timoshenko 1 s 
choice of Poisson 1 s ratio as v - 0.3 compared to the 
present choice of u = 1/3. The value of 1 /3 was chosen 
herein since it led to cancellation of several terms with 
the factor 1 - 3 u. 

Substitution of equation (14) in equation (13) gives 
the following expressions for the axial and transverse 
median- surface strains : 

t 2 : r (b/a) 2 +ll 2 r / Rj rjx rry\ ) 

C- = .-=• j ; — - i-0.927n + ( n - 1 ) ( 0 • 4 9 9 — cos — cos — ) 

a^ [ 2(b/a) 2 J l R 2 a 2b'' 

, N /1.415 . 2 TTX 2 iiy \ 

-f(n-l) ! sin 43 — cos — )\ 

- v R n 2a 2b y J 

t 2 [ (b/a) 2 + 1 I 2 T ^ ; ' /0.317R o 0.704 

V = ~ I , i |0.309n+(n-l) f S. 

a- L 2(b/a)2 j L v (b/a)R 2 (b/a) 2 R 2 

0.498E 2 rry 1.408 _ - ny ttx 1 

+ (n-l)cos — cos — 4- (n-l)sin^ — cos 2 — ! 

(b/a)R 2 2a b (b/a) 2 R 2 2b 2a J J 



Tne stresses may be calculated from the strains by using 
the familiar relations 

E 



(i 



(17) 
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where v is the value of Poisson's ratio for the sheet 
material. The load F s carried by the sheet must he 
equal to the resultant of the axial stresses across the 
edge x = constant. Making use of equations (15) and (17), 
Pg 'becomes 

+b 

P s = t I a x dy 



bEt 3 f(b/a)" + 1] d P I. 591(n -1) in2 /TTXN 
a 2 L 2(b/a) 2 j u H 2 5 ' 



+ 



0.5 28 (n - !)_ 2 ^rx x 0 . 73,5 (n-1 )R X ^. /jyx\ 
(b/a) 2 R 



2 -2a ' R a ^ a ' 



t 0 ..238 R P 0.529 "1 
- 1.852 a + (n - 1) ~ ! 

(b/a)R 2 (b/a) 2 R 2 J 



(18) 



It follows from equation (18) that the compressive (nega- 
tive) load carried by the sheet is least at the crest of 
a buckle (x = 0) and greatest at the nodes, (x = ^a). 
The total load must be independent of x; therefore, the 
load taken by the stringers must vary in such a way as to 
compensate for the variations in sheet load. 

The expressions (16) to (18) may be applied directly 
to predict the behavior of the sheet in a sheet-stringer 
specimen provided that the ratio b /a of buckle width to 
buckle length is known. The length 2a of the buckle will 
depend on the condition of restraint of the sheet at the 
stringer edges; in addition, there must be an integral 
number of buckles along the length of the stringer. A 
rough calculation of a (reference 19, p. 329, and refer- 
ence 32, p. 245) for sheet- st ringer specimen 1 having a 
free length 

U 19 in.' . 



and a stringer spacing 
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2"b .= 4 in. 

gave five "buckles or 

2a =s 3.8 in. 

for the extreme case of simply supported edges and seven 
buckles or 

2a a 2 . 7 in, . 

for the case of rigid clamping at the stringer edges y = 
±b and simple support at the loaded edges. Direct meas- 
urement of the "buckle length for the 0.070-inch specimen 
(specimen 1) gave on the average 

2a » 2.7 in. 

or approximately seven buckles; that is, 2a agrees closely 
with the theoretical value for rigid clamping. Assuming 
seven "buckles and neglecting the effect of the Wood*s metal 
end supports gives the following values for the parameters 
b/a, R 2 , R lf and R 2 found in equations (15) to (18): 

b/a = 1.473, R 2 - 0.737, R = 1.112, R 2 - 0.525 (19) 

Substituting further 

S = 10.5 X 10 6 lb./sq. in.. II *s 1 /Z , b = 2 in. 

t ss 0.07 in., a = 1.353 in. (20) 



gives, for specimen 1, the following value for the critical 
strain : 

e cr - 13.1 X Iff 4 (21) 
This strain corresponds to a critical load of 



p cr = Se cr A s 20800 lb - (22) 

and a critical stress of 13,800 pounds per square inch, 
which is in good agreement with the observed stress of 
around 13,000 pounds per square inch (fig. 42) at which 
buckling started. The sheet load per element is , from 
equation ( 18 ) , 
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? = 2150 -1717n + 344(n-l) cos Hi lb., for p > F cr (23) 
wh ere 

n * e/e cr " - e/13.1 X 10' 4 (24) 

In order to compare this sheet load with the observed sheet 
load plotted in figure 40, it was necessary to determine 
the theoretical total load ?• on the sheet- stringer panel. 
This total load consisted of the load carried "by four sheet 
elements and "by three stringer elements. The load carried 
by the four sheet elements will "be approximately equal to 
four times the average sheet load given "by equation (23) if 
the cosine term is neglected since the 'buckle pattern on 
the four sheet elements will he, in general, out of phase 
with each other by a random amount. The total load carried 
by the stringers was estimated by multiplying the average 
stringer strain e by E = 10.5 X 10 6 pounds per square 
inch and the resulting stress by the total stringer area. 
Figure 40 shows as curves a the sheet load against the 
total load on the specimen estimated by the foregoing pro- 
cedure for the extreme cases of a section through a cre.st 
x = 0, where the sheet load is a minimum, and a section 
through a node x = where it is a maximum. , The corre- 

sponding maximum and minimum possible loads per stringer 
element were calculated from these curves by subtracting 
the minimum and maximum possible sheet loads from the the- 
oretical total load just defined and dividing by .3 : 

P - 4P p 

p = 1 = -1782n+ 459 lb., for p > P cr (25) 

3 

The corresponding two curves are also shown in figure 
40, The measured loads per stringer element and per sheet 
element are seen to lie between the extreme values. They 
scatter through a much smaller range than that correspond- 
ing to the difference between the extremes. This fact in 
itself does not necessarily indicate a weakness in 
fimo shenko 1 S theory. One would expect the spread in the 
observed sheet loads to be reduced by the method of measur- 
ing stringer loads over a gage length of 2 inches, which 
is comparable to the- length of 2.7 inches of a buckle; the 
measured sheet load .would be an average value over a 2- 
Inch length. It will furthermore be noticed that the meas- 
ured sheet loads represent averages of four sheet elements. 
The average values could only reach the extremes if the 
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buckle patterns in the four sheet elements Were either in 
phase or 180° out of pha-se ;• figure s 12 and 17 indicate that 
the "buckles in "both specimens were distributed more nearly 
at random. The difference between observed and theoretical 
loads at high stresses is also probably due in part to the 
plastic behavior of the material. At failure, the average 
observed sheet load was about 7 percent below the average 
calculated load and the stringer load was the same percent- 
age abov e i t . 

The theoretical values of sheet load P determined 
from equation (23) were used to calculate the effective 
width ( 9)) of the sheet as a function of tne stringer 
stress (10.5 X 10 6 e)_. The resulting curves for effective 
width at the buckle crest and tne buckle node are shown as 
curves a in figure 42 for comparison with the measured 
values, which lie between the two curves within the obser- 
vat i onal error . 

In order to compute the axial median fiber strain e x 
along the transverse center line through bay 3 (fig. 11), 
the phase x/a of the buckle at this section must- be 
known. The phase of the buckle was not accurately known, 
but it was roughly the same as for the center line through 
bay 3 of specimen 6, for which it was x/a = 0.595. Sub- 
stituting this value of x/a and the values of the con- 
stants given in equations (19) in equations (15) gave the 
following strain distribution along the transverse center 
line through bay 3: 

C x s 10~ 4 i-13.1 n + (n-X) L&.16 cos^ +21.5 cos'— H ] 
I V v2b/ • ^2b//j 

(25) 

Figure 45 shows a comparison of the strain calculated from 
this expression, curve (a), with the measured strains at a 
total external load of 25,000 pounds. The observed values 
scatter uniformly about the theoretical curve. 

Figures 47 to 52 give the results of a comparison of 
Timoshenko ! s theory, show*n as curves (a), with the test 
results on specimen 5. In this case, a more complete com- 
parison was possible than for specimen 1 because contours 
and transverse strains were measured in addition to axial 
strains. At the same time the sheet material did not have 
an Alclad coating, so that the possibility of premature 
yielding of the coating did not ente** as a complicating 
factor. 
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In the determination of the length of the "buckles in 
this case, the same values, that is, 2a = 2.7 inches, 
seven buckles, for clamped edges y == ± b , and 2a = 3.8 
inches, five buckles, for simply supported edges, are ob- 
tained from the theory. The measured value of the buckle 
length was found to be 

2a = 2.35 in. 

(see figs. 27 and 28) as against 2.7 inches for specimen 
1; tills corresponds to eight buckles. Inspection of the 
other two bays, showed seven instead of eight buckles. 

Assuming seven buckles U9 for specimen 1 gives the 
following values for the parameters entering equations 
(15) to (18) : 

b/a a 1.473, H 2 » 0.737, B l = 1,112, R s = 0.526 (27) 

Substituting further 

E - 10.5X10 6 lb./Vq. in. , & a l/S, b = 2 in. , 

a & 1.358 in,, t =0.025 in. (28) 

for specimen 6 gives the following values for the critical 
strain and the critical load: 

e cr - 1.57 X 10" 4 . (29) 

? cr = 1390 lb. (30) 

The measured buckling load was more nearly 2,000 pounds 
(fig. 52). The sheet load is, from equation (18), 

p = -97.7 - 78.0 n + 15.63 (n-1) cos — lb. (31) 

b a 

The maximum and minimum loads per stringer element are by 
the same procedure as that used for calculating equation 
(25) , 

P st = -228 n ±20.8 (n-1) lb. for p > P cr (32) 
where 

n = e/e cr - e/l.67 x 10" 4 (33) 
The sheet load and the stringer load were calculated as a 
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function of total load as for specimen 1 to give the set 
of curves (a) shown in figure 41, The measured values 
lie between the limiting theoretical curves up to loads 
within 12 percent of the ultimate load. At this load, 
there may have been a drop in effective width due to buck- 
ling of the sheet between rivets (see next paragraph). 



The effective wiatn cor r e sp onii ns: to the crest and 
node of the buckle was calculated from the theoretical 
values of sheet load and was plotted against the stringer 
stress in figure 43 for comparison with the measured val- 
ues. The measured effective width lies within the wide 
band defined by the two theoretical curves up to a compres- 
sive stress of about 30,000 pounds per square inch. The 
observed effective width values fall below Timoshenko ! s 
curves at this stress, owing to a sudden drop in effective 
width at a stress of about 28,000 pounds per square inch. 
This sudden drop is probably due to the buckling of the 
sheet between rivets (see fig. 39), since it was found 
that the stress of 28,000 pounds per square inch corre- 
sponded almost exactly to the buckling stress of the sheet 
between rivets as calculated upon Rowland 1 s assumption 
(reference 33) that the sheet between rivets will buckle 
like an Euler column of rectangular section with clamped 
ends having a thickness t equal to that of the sheet and 
a length L equal to the rivet spacing. This assumption 
leads to the expression: 

a cr = = ul^J^M 10 6 x 0.025 2 = 28>300 lWgq , in> 

3 L 2 3 X i 0* 875 2 

• The theoretical shape of the buckle for specimen 6 
is, from equations (10) and (14): 

w - 0.0228 cos cos H£ in. (34) 

2b 2a 

The normal displacement w was calculated from equation 
(34) for sections x = 0 and y = 0 through the crest 
of a buckle and for total loads of 5,800 pounds and 10,900 
pounds. The resulting values are shown in figures 27 and 
28 as dotted curves for comparison with the measured val- 
ues. Timoshenko f s assumed contour is seen to agree ap- 
proximately with the observed contour except near the 
stringer, which exerts a restraining moment on the sheet 
not considered in Timo shenko 1 s theory. 



measurements of the buckle contours from plaster casts 
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indicated that tne transverse center line on "bay 3 between 
stringers H and S f on which axial .and transverse strain 
distributions were measured occurred at a section 

£ ss 0,596 relative'to the crest of a buckle. Substituting 
a 

this value of — as Well as equations (27) in equations 
a 

(15) gave the following theoretical relations for the lon- 
gitudinal and transverse strain: 



«U = 10* 



e 7 



= 10 



-4 



-1 . 58 n + (n-1) X 



/ Try 
f.-O. 735 cos — + 

S 2 b 



2 TTV' 

2.74 cos" — 
2b' 



0.519 + 0.041 n + (n-1) X 



0.201 cos ~ + 0.337 sin 2 



1 



2b> 



(35) 



Figures 47 and 43 show as curves (a) the axial strains 
e x calculated from equations (35) for loads of P = 5,800 
and 10,900 pounds for comparison with the measured strains, 
v?hich are shown as- points. The measured values are found 
to scatter about the calculated curves. 



The transverse strain for the 10,900-pound load is 
shown as. curve (a) in figure- 49, together with the meas- 
ured values of strain over a l--inch gage length as record- 
ed in figure 20. The theoretical curve docs not describe 
the measured strain at all; even the sign of the strain 
is opposite to that measured at the center of the hay. 
The discrepancy may be traced principally to the use by 
Timoshenko of an arbitrary though mathematically convenient 
assumption for the transverse displacement v (equation 
12), 



The distribution of axial stress across the sheet was 
calculated for the transverse center line "by substituting 
the strains given by e quat i ons ( 3 5 ) in the plane stress 
equations (1?). Figure 50. shows the resulting. values for 
a load, of 5,300 pounds as curves (a), together with corre- 
sponding values for the stress distribution along, a trans- 
verse section through the crest of a "buckle and through 
the node of a "buckle. The stresses calculated from the 
observed strains are shown as open points for .comparison. 
The points represent single measurements of stress except 
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for the stresses at the axial center line, which were av- 
erages of readings over a 1-inch gage length on three 
"buckles, A similar set of stress-distribution curves for 
a load of 10,900 pounds is shown in figure 51. 

The observed points scatter about the theoretical 
curves. They do not confirm the large variation in stress 
distribution in going from buckle node to buckle crest 
tnat follows from Ti mo shenko ' s theory. The points are too 
few in number to give a satisfactory. check of the theory. 
It is hard to believe, however, that the actual stress- 
distribution curve would fall off as rapidly as curve (a) 
for a section through a buckle crest and that it would 
rise to a maximum array from the stringer edge for a sec- 
tion through a buckle node. 

The 'axial and transverse stresses at the crest of a 
buckle were calculated to be 



These stresses are plotted as curves (a) in figure 52 with 
measured values of the stresses shown for comparison. It 
is interesting to note that the measured transverse tensile 
stress is greater in magnitude than the axial compressive 
stress for total loads greater than 5,400 pounds. Curves 
(a) deviate increasingly from the measured stresses for 
loads greater than 4,000 pounds. The calculated axial 
stress increases with increasing load, while the observed 
axial stress decreases and actually becomes zero at a load 
of 12,000 pounds. The measured transverse stress tends 
toward a constant value at high loads while it increases 
linearly according to the theory. 

J ._ Mj Frankla iid | s theory. - An approximate theoretical 
solution for the stress distribution in the buckled sheet 
of a sheet-stringer panel under end compression has been 
worked out by J. id f Frankland of the Bureau of Aeronautics. 
x^rankland 1 s solution differs from Ti mo shenko ! s in assuming 
initially only a normal displacement w, which is approx- 
imated by the series 



u x (0,0) 

tTy(O.O) 



440(n-l) Ib./sq. in. 



-1530 - 135 n Ib./sq. in.; | 



(35) 



9? 



= t £ k m 



ii Try 
2b 



(37) 
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without making any assumptions relative to the other two 
displacements u and v. The contour defined by equation 
(37) satisfies ' the assumed end conditions of zero lending 
moment and zero normal displacement at the edges x = ±a , 
y = *b of the "buckle. The median fiber stresses are de- 
termined from equation (37) to give the required force re- 
sultants in the plane of 'the plate and to maintain the 
originally rectangular portion of plate 2a by 2b rectangu- 
lar after buckling by making use of von Karman 1 s differen- 
tial equations linking the bending stresses due to buck- 
ling with the median surface stresses (reference 32, p. 
349). The coefficients A, nn entering in the resulting 
expressions are finally deter mined by the principle of 
least work. 

Carrying out this calculation for a buckle shape with 
four unknown coefficients A x x , A 13 , A ?1 , A 33 showed an 

appreciable variation between the plate load at the crest 
and that at a node. Such a condition would necessitate 
smears between the plate and the stringer that had not 
been considered in the expression for the strain energy. 

In order to include these shears in the expression 
for the total energy stored in. the panel, a further analy- 
sis was made by J, U, Frankland . This analysis was car- 
ried to a numerical conclusion for the special case of a 
square sinusoidal buckle pattern described by 



with the following results for the stress distribution: 

X - 1 

G x = cr c (A— (r + cos 2 ay) +0.341 f" cos 2 a* 



w 



= A cos JUL. cos 

2a 2a 



(38) 



1 + r 



J 




+ 0.341 




> (39) 



T 



a c (0.341 f» sin 2 a x) 
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wher e 



^c = 



Et' 



is the critical stress for buck - 

(40) 



12 b° (1 - O 

ling of sheet into rectangular lobes 

A, load parameter ( X = 1, T - cr c ) 

A a t/3 >* • * 



1 + (A st /2 bt) 
st stringer area 



relative reinforcement by stringer 



2 bt 



a 



TT 



plate area 



TT 



2 a buckle length 
a a b • ■ 

The coefficients f, f 1 , f " in equation (39) are given by 



A - 1 f cosh 2ay 

"0.341f - k j 2,603 

1 + r L . e nT /2 



0.341f* = k 



x - i r 



1. 503 



0.341f lf = k 



wher e 



1 + r L 

a - i r 

1 + r L 



0 . 503 



sinh 2 qy 
e^ T /2 

cosh 2ay 



- 2ay 



- 2ay 



- 2ay 



sinh. 2ay 



/2 



cosh Say 1 



j 



sinh 2ay 



IT 



/2 J 



(41) 



k = 



V A gt /(2bt) 



+ ff ( 3 _ y) St 
1 + V 2 ot 



(42) 



and v is Poisson's ratio. 

Frankland derived the following expressions for the string- 
er load and the sheet load in his second analysis: 
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Pat = A st CT c 



P c = 2 bt a.Tx - — - — (X - 1) (1 + 0.490 cos 2 rt x) ! 
S L 1 + r r J 



>(43) 



Equations (43) were applied to calculate the plate 
loads and stringer loads for specimens 1 and 6 by substi- 
tuting (30) and (28) in equations (43). The results for 
sections through the crest and the node of a "buckle (x = 
X = a) are shown as curve? (b) in figures 40 and 41 for 
comparison with the observed results and the results of 
Timo shenko ! s approximate theory. Satisfactory agreement 
with the observed values for specimen 1 was obtained up to 



loads within 20 percent of the load at failure, 
served sheet loads for specimen 6 were about 10 
low the theoretical loads. There was much less 
in the theoretical stringer load along a buckle 
Ti mo shenko 1 s theory . 



The ob- 
percent be- 
var ia t ion 
than for 



The effective width of the sheet for both specimens 
was calculated from equations (43) as a function of string- 
er stress using the same procedure as already outlined for 
a similar comparison with Timo shenko r s theory. The result- 
ing values, which are shown as curves (b) in figures 42 and 
43 are seen to give an approximate description of the ef- 
fective width for the specimens with the 0.070-inch sheet 
(fig. 42), whereas they give high values for the effective 
width of the other specimens (fig. 43) for stringer stresses 
in excess of 15,000 pounds per square inch. 



A direct comparison with the measured 
bution was obtained by converting the first 
(39) into strain equations with trie help of 
for plane stress: 



strain distri- 
two equations 
Hooke 1 s law 



€ v - 



5 



PCX 



y 



E 



(44) 



and then substituting the numerical values 
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(20) and (28) for the two specimens. The resulting 
strain distributions are compared in figures 46* to 49 with 
the observed values and with those given "by Timoshenko 1 s 
theory. The calculated axial strain distribution agrees 
as well with the observed values as Timoshenko f s theory 
and it has the added advantage of not leading to a maximum 
strain away from the stringer edge. The transverse strain 
(fig. 49) agrees very much better with the observed values 
than for Timoshenkofs theory, probably because no arbitrary 
assumption has been made for the transverse displacement v. 

Stress distributions across the sheet according to 
Frankland f s theory were calculated from equations (39) and 
were plotted as curves (t>) in figures 50 and 51. The 
curves agree with the measured points somewhat better than 
do Tiuo shenko 1 s curves (a). The stress distribution 
changes only slightly in going from node to crest and there 
is no stress- .laxi.aUi^ away from the stringer edge, as for 
Timoshenko f e theory. 

The axial and transverse stresses at the crest of a 
buckle were calculated as a function of total load and 
were plotted as curves (b) in figure 52 for comparison 
with the observed values. The agreement with the measured 
axial stresses is better than for Timoshenko's theory, es- 
pecially at high values of the load, but that for the 
transverse stresses is not so good. 

The following value was obtained by Prankland for the 
amplitude At of the buckle: 

At ~ l; 7 lt /— — (45) 
J 1 + r 

The sine curve of this amplitude is compared in fig- 
ures 27 and 28 with the deflection curves observed on 
specimen 5 and with the curve calculated from Timoshenko T s 
theory.. The curves given by Timoshenko's theory are seen 
to come considerably closer to the observed deflections 
than those given by Frankland * s theory. 

K. Ma rguerre'g theory. - K, Mar guerre has recently 
published the results of a number of different attacks on 
the problem of determining the stress distribution and ef- ■ 
fective width for a long sheet with supported edges that 
has buckled into a series of square buckles (reference 23). 



He first considers the stress distribution for the 
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square sinusoidal "buckle also considered by Frankland and 
proceeds to a solution in a manner quite analogous to that 
used "by Frankland in his first solution, which neglects 
the shears "between the sheet and the stringer. 

In a second attack on the ■ problem (see also reference 
24), Mar guerre assumes a. somewhat more complicated shape 
for the square buckle than the sinusoidal shape assumed by 
both Timoshenko and Frankland in their numerical examples, 
namely : 

w * ff a cos S£ - f 3 cos ^)cos (45) 
v 1 2a 3 2a J ■ 2a 

He calculates f 1 and f 3 by the energy method combined 

with the assumption that the shearing stresses along the 
lateral edges of the sheet are zero. The results of this 
calculation give only a slight correction to the results 
of the same calculation for the sinusoidal square buckle 
(f 3 =0). 

Marguerre' s third attack proceeds from the observation 
that neither equation (38) nor (46) is a good description 
for the contour of a severely buckled sheet. In a severely 
buckled sheet, most of. the load will be carried by the 
sheet close to the edges and this portion of the sheet will 
develop local buckles that are superposed on the main square 
buckles having a half wave length equal to the strineer. 
spacing, 

A contour that would describe a state of buckling with 
small buckles having one-third the wave length of the main 
buckles would be 

W ± f 3 cos E£ cos HI - f 3 cos 225 (cos HI - Tl cos ZSl} (47) 
2a 2a 2a ^ 2a 2a '* 

The ratio f^ff l will then measure the relative intensity 
of the small buckles near the ed,;e, The parameter f] meas- 
sures the increase in amplitude of the small buckles in 
passing from the center of the sheet to the edge.. For T) = 
0, the small buckles have a maximum amplitude at the cen- 
ter of the sheet and, for f\ = 1.,. they'have zero amplitude 
at the center of the sheet and maximum amplitude near the 
edge. Marguerre assumes T\ - ■"= l/2 in his numerical work in 
order to reduce the number of unknown parameters from three 
to two. A further simplification is obtained by Marguerre 
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in his numerical example by taking Poisson 1 s ratio B = 0 # 
This somewhat arbitrary assumption, together with the as- 
sumptions of zero shear stress and zero resultant trans- 
verse force along the lateral edges of the sheet, leads to 
the following relation for the average axial stress' or 
carried by the sheet: 



07 



E 



4 - 



t ♦ 8 V 



'cr 



* 4 - 3 g + 26.5 £ s 



(48) 



where 



a cr is the axial stress for buckling of the sheet 

e cr , axial strain for buckling of the sheet 

e, axial strain (stringer strain) 

E, Young 1 s modulus 

3 ' 1 

The ratio £ may be eliminated by a second relation: 



e - 



■ cr 



e ~ 4. 02e cr 



- 11.25 



- 3 U 25.5 t 3 \ 



\ 26 . 5 + 350 I' 

i 



(49) 



In addition to his approximate calculation, Marguerre car- 
ried out a more "exact " calculation proceeding by his first 
method of attack (similar to that used by Frankland) and 
assuming the contour given by equation (47) with T) = l/2. 
Unfortunately, he gives only the result for the expressions 
replacing equations (48) and (49), which were found to be 
independent of the value of V and equal to 



cr 



'cr 



•g 4 - 6 £ + 18.8 £ : 
2 M - 31.8 £' 



e - e 



cr 



8 a - 4.02e cr 



11.25 



4 - 3 t + 31.8 V 



31.8 - 1/ t + 350 V 



(50) 
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It will bo noticed that equations (48) and (49) agree with 
equation (50) for small values of the relative amplitude 
f 3 ff x of the local "buckle. 

The sheet load may he calculated from the preceding 
formulas by multiplying the average longitudinal stress a 
by the sheet area 2 at: 

F s = 2 at <j (51) 

The amplitude f 1 in equation (47) may be calculated 
by substituting the value of £ calculated for a given 
compressive strain e from equati on? (48 ) and (49) in 
Marguerre 1 s expression 

e - e cr = (4 - 3 £ -f 25.5 £ 2 ) (52) 

54a 2 

Knowing f , 9 £ , and f|, one can calculate the buckle 

shape from equation (47) and the axial and transverse 
stresses from Mar guerre 1 s appro xi^at e expressions 



En 2 f 1 2 r 32a 2 e 
a v = ~ I r + 1 + cos 

m o„ 2 2.2 

32a L 77 f 



s t 2 ny 3 try \*| . 
+ 9 t (1.25 - cos + 0.25 cos : \ (53) 

f* V o D .1 . 



a a J « 



and 

En 2 f 2 p rrx . / TTX 2lTX\ 

a v = i c o s — — 2 L (cos — + cos ! + 



L a 



+ t 3 fs.25 cos §22)1 



(54) 



The axial stresses are independent of the coordinates 
x along the buckle (fig. 44), because of the assumption 
V = 0. It follows that the sheet load and the effective 
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width do not vary along the "buckle as they do according 
to the theories of Timoshenko anqL of Frankland with v = 
1/3. 

Equations (48) to (50) were applied to calculate the 
sheet and stringer loads for specimens 1 and 5 by substi- 
tuting values of E, a = b, .and t from (20) and (28). 
The quantity Ee cr was taken as the critical stress CT C 

used in Frankland ' s theory (equation 40) with u = l/3. 
The results for both the approximate relations (48) and 
(49) and the more "exact" relation (50) came very close 
to each' other for specimen 1 (fig. 40, curves (c), (&)). 
There was a small difference between the two 'curves for 
specimen 6 (fig. 41, curves (c) and (d) ) . The calculated 
loads given by curves (c) and (d) are seen to agree with 
the measured values practically up to failure. 

The effective width of the sheet of specimens 1 and 
6 was calculated from these curves using the procedure al- 
ready outlined. The resulting curves arc shown as curves 

(c) and (d) in figure 42 and 43. The agreement with the 
measured effective width is good up to a stringer stress 
of about 30,000 pounds per square inch. It is better than 
that for the other two theories, curves (a) and (b),, in 
the case of specimen 6. Marguerre's "exact" theory (curve 

(d) ) describes the observations more closely in this case 
than the approximate theory, curve (c). 

The theoretical distribution of strain across the 
sheot of specimen 1 and specimen 6 was calculated by divid- 
ing Mar guerre ' s approximate expression (53) and (54) for 
the stress by Young 1 s modulus E = 10.5 X 10 6 , which gave 
the curves (c) shown in figures 45 to 49. The calculated 
distributions of axial and transverse strains agree less 
satisfactorily with the observed values than the curves 
calculated from either Timoshenko 1 s or Frankland 1 s theory. 
The transverse strain distribution along the center line 
of specimen 6 at a load of 10,-90-0 pounds (curve (c) , fig. 
49) differs radically from the observed strain distribu- 
tion. This discrepancy may be explained by the difference 
between the buckle shape (47) assumed by Marguerre and the 
measured biickle shape. 

Curve (c) in figures 27 and 28 shows sections through 
Marguerre 1 s buckle for loads of 6,800 and 10,900 pounds 
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for comparison with the observed values and the results of 
the other two theories. The axial section of the buckle 
comes somewhat closer to the observed values than the 
buckle according to Frankland's theory but is not nearly 
so close as that according to Timo shenko ' s theory. The 
transverse section of the assumed buckle differs more rad- 
ically from the observed buckle shape than either Frank- 
land's or Timoshenko's theory, particularly for the higher 
load of 10,900 pounds. ikrguerre 1 s choice of contour 
(equation (47)) is apparently not suited to describing the 
ouckles in the sheet between stringers. It takes no ac- 
count of the torsional rigidity of the stringers and ac- 
tually increases the slope of the deflection curve near the 
stringer instead of lessening it. The amplitude of the 
short wave-length buckles is also too large, especially at 
the higher load. 

The axial stress distributions for specimen 6 at a 
load of 6,800 pounds and at a load of 10,900 pounds are 
shown as curves (c) in figures 50 and 51. At the 6, 300- 
pound load, the curves (c) agree with curves (a) and (b) 
taken from Timoshenko' s theory and from Frankland*s theory, 
at least within the scatter of the measured points. At 
the 10,900-pound load, Marguerr e 1 s theory gives a more 
nearly constant stress in the center of the sheet than 
either the points. or the other two theories. 

Curves (c) in figure 52 compare the theoretical axial 
and transverse stresses at a buckle crest of specimen 6 
with observed values and values taken from Timo shenko 1 s 
and from Prankland's theory. Marguerre' s theory gives re- 
sults approaching those of Frankland's theory up to a load 
of about 4,000 pounds* Above 8,000 pounds, Mar guer r e 1 s 
curve for axial stress deviates increasingly from the ob- 
served values while that for transverse stress approaches 
the measured stresses. 

F ormulas for effective width. - The load carried by 
the sheet of a she e t - s t r i nger panel under end compression 
may be computed by considering the width of the sheet be- 
tween stringers to be reduced by buckling to an effective 
width carrying a uniform stress equal to the stress at the 
stringer edge of the sheet. The effective width will then 
depend on the stress in the sheet, the dimensions of the 
sheet, the condition of restraint at the stringer edges, 
and the stress-strain curve of the material. The effective 
width, w, is upon this definition giiren by the simple re- 
lation 
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. . P 

w = -4 - (55) 
t rr 

where F is the sheet load 
s 

t, the thickness of the sheet 

and a, the compressive stress at the eiges of the 
sheet 

It will be noted that this definition of effective 
width coincides with the definition given by equation (9) 
only for the special case that the stringer stress and the 
stress at the stringer edge of the sheet are identical. 
It appears, fortunately, from a comparison of figures 42 
and 43, derived by the use of equation (9) with figure 55, 
which was derived from equation (55), that the two defini- 
tions of effective width led to practically the same re- 
sult in the present sheet- stringer panels. It seemed 
preferable for a general discussion of effective width to 
adhere to equation (55) because of its independence of the 
stringers. 

The ultimate sheet load P u it for a siieet w *th simply 
supported ed?es would correspond to an edge stress 0" equal 
to the yield strength in compression a y , 

Von Karrnan (reference 5) has proposed the following formula 
for this load: 



which gives for the effective width corresponding to the 
ultimate sheet load 

V.p. = ct ^y.P. (55) 

The value of the constant C will depend on the condition^ 
of restraint of the sheet at the stringer edges. Von Karrnan 
has derived the limiting values C = 1.34 and 1.90 for a 
sheet with supported edges of material having V = 0.3. 
Sechler has empirically obtained a relation between C and 
the ratio 
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x = h^y-v. (57) 

where 2 a is the width of the sheet, according to which 
C drops from a"bout 2 for X = 0,05 to about 0.7 for A = 
1.0 (reference 9). A value of C =; 1.7 is widely used 
for sheet- stringer panels of typical designs and falls "be- 
tween von Earmarks limiting values of 1.24 and 1.90. 

Although von Karm£ii ! s equation and Sechler's empiri- 
cal curve were derived specifically for do t er mining the 
ultimate load of the sheet in s&eet— stringer combinations, 
they have "been used "by designers to estimate the load car- 
ried "by the sheet for edge stresses a less than the 
yield strength of the material. The variation of effective 
width with edge stress would then be given by 




It is convenient for purposes of comparison to reduce 

equation (58) to a dimensionless form as follows. Let 

(j nr% be the stringer stress at which buckling of the sheet 
c r 

begins. Up to this stress, the effective width will be 
equal to the full width 2a of the sheet: 

2a = Ct 

cr 

(59) 

Solving for C and substituting in equation (58) gives 
for the relative effective width the simple relation 




The relative effective width given by this equation de- 
pends only on the ratio of the stringer stress to the 
critical stress. 

Instead of using a / <J cr as independent variable, one 
may use the strain ratio e/e cr as long as the stresses 
are within the range of validity of Hooke's law. Beyond 
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this -range, the edge stress can "be computed approximately 
from the known edge strain, which is equal to the stringer 
strain, provided that the compression stress-strain curve 
of the sheet material is known. In the present instance 
it ^as not possible, unfortunately, to obtain undeformed 
coupons for determining the compressive properties of the 
sheet of specimens 1 and 5. Compression stress-strain 
curves had, however, been obtained at the National Bureau 
of Standards by the paCk method on specimens of 0.064-inch 
243T Alclad sheet loaded in the direction of rolling (fig- 
ure 53) and on 0.032-inch 24ST sheet loaded in the direc- 
tion of rolling (fig* 54). It seemed permissible to de- 
scribe the compressive properties of the sheet material by 
these stress-strain curves at least for an approximate 
analysis. It should be noted in this connection that the 
direction of rolling coincided with the direction of the 
load in specimens 1 and 5. 

, . w 

Figure 55 shows as curve (a) a plot of — from 

2 a 

equation (60) against ratio The individual points 

shown in figure 55 were calculated from the test results 
on specimens 1 and 6 as plotted in figures 42 and 43. The 
stress- strain curve (fig. 4) of the stringer material and 
the stress-strain curves (figs. 53 and 54) of sheet material 
similar to the sheet material in the specimens were used 
to calculate the edge stress in the sheet from the stringer 
stress and from the assumption that stringer strain ectnfr 
-Qdg.o strain were identical. 

The critical edge stress ^cr was calculated upon two 
assumptions. The circular points were plotted by choosing 
a cr as equal to the value for a long, rectangular plate 

with supported edges: 

2 p 

cr = (— ) (51) 

3(1 - v a ) N 2a y 

which gives, with 1 = 10.5 X 10 6 lb./sq. in., u = l/3, 
and 2a = 4 in., the following values for specimen 1 (t = 
0.070 in.) 

0- cr = 11,900 lb./sq. in. 
and for specimen 5 (i = 0.025 in.) 

C cr = 1,520 lb./sq. in. 
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The crosses in figure 55 were calculated "by choosing for 
the observed critical stresses 

u r 

d cr d 13 , 000 lb . /sq . in. 
for specimen 1 (fig. 42) and 

0" cr = 2,500 lb./sq. in. 
for specimen 5 (fig. 52). 

In the case of the specimen • with* the heavy sheet, the 
buckling stress was about ? percent greater than for sup- 
ported edges; while, in the case of the thin-sheet speci- 
men, it was ah (Hit 64 percent greater, Replacement of the 
approiimate critical stress calculated from equation (61) 
(circular points) by tha observed critical stress (crossed 
points) throws the points for both specimens about a common 
curve excepting those points where the yielding of the 
sheet is appreciable. 

Von Karman f s formula is seen to be on the conserva- 
tive side by as much as 25 to 35 percent in the case of 
the thin-sheet specimen. It agrees satisfactorily with 
the observed values for specimen 1. 

A somewhat better agreement with the observed results 
is to be expected if von Karma'nis constant 0 is varied 
in accordance with Sechler 1 s curve. In order to verify 
this assumption, it is necessary to convert Sechler f s curve 
of C = f(A) to the variables shown in figure 55 by re- 
defining A as 



A = z*Jt (62) 

where a is the edge stress, wliich may be below the yield 
strength of the material. The two definitions of X (equa- 
tions (57) and (62)) coincide for CJ = <T . Taking cr cr 

as equal to the value given by equation (51) for a long 
rectangular sheet with supported edges gives 




(63) 
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Substituting this value of A in equation (59), which, 
with equation (52), /nay be written as 

~ = mm . (64) 
• 2a . 

gives curve (b) in. figure 55. The . effect ive width, accord- 
ing to this formula, is even less than for Von Karman 1 s 
formula. It is on the conservative side by as much as 35 
to 50 percent for specimen 6. 

Becently Sechler has proposed the following formu- 
la for the effective width of the sheet in a shee t- s t r inger 
panel (reference 30) . 



— - 0.50 + 1.81 X 2 (55) 



Substituting equation (S3), equation (55) bocomes 




(65) 



A plot of equation (55) is shown as curve (c) in figure 55 # 
It is seen to err on the unconservat ive side for high ra- 
tios u/a cr by as much as 35 to 40 percent in the case of 

specimen 6. 

H. L. Coy. (reference 7) obtained an approximation to 
the effective width of sheet under edge compression by con- 
sidering the sheet as made up of a set of column strips 
whose axes were • parallel to the load and calculating the 
load distribution over these columns for a .riven value of 
the compression at the ends and an assumed buckle contour. 
Choosing the buckle contour to give simple support at the 
stringer edges gave a curve that could be approximated by 




and choosing it for clamping at the stringer edges gave a 
curve that could be approximated by 
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for = — — (68) 



The corresponding curves are shown as (h) and (i) in fig- 
ure 55. The curve (i) for clamped edges agrees satisfac- 
torily with the crossed points which are based on the ob- 
served critical stress. Both curves (h) and (i) are gen- 
erally on the conservative side of the circular points 
based on the critical stress for supported edges. 

A better fit to the circular points for specimen 6 is 
obtained by the following modification of Cox's formula 
used by Marguerre (reference 23) : 



— - 0.19 + 0.81 (59) 
2a v CT 

Equation (69) is shown as curve (d) in figure 55. 

An independent calculation of the effective width of 
buckled sheet has been made by ivlarguerre (see previous 
section), who arrived at curves (e) and (g) on the basis 
of the relations (43) to (50) given in the previous sec- 
tion, i/Iarguerre noticed that the curve (e) could be 
closely approximated by the simple relation 

w 3 / j n 

ST"/ — ('« 



which is shown as curve (f) in" figure 55. Curve (e) is 
seen to approximate the circular points for specimen 6 
more closely than any of the other curves. Marguerre's 
"exact" formula (curve (e)) holds for the circular points 
of both specimens up to values of o = 30,000 pounds per 
square inch (<j/cf ct = 2.5 for specimen 1, (T/a cr = 19.7 

for specimen 6) at which yielding becomes appreciable for 
the 0.070-inch Alclad sheet of specimen 1 and at which the 
0.025-inch sheet of specimen 5 -as probably buckled between 
rivets. Equation (70) describes the measured effective 
width for both specimens up to an edge stress of about 
30,000 pounds per square inch within 10 percent provided 
that is taken from equation ( q'1 ) as the buckling 

stress for supported edges. Upon this basis, equation 
(70) may be written in the form 
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(70a) 



Equation (70a) describes the effective width up to failure 
of specimens 1 and 6 within 12 percent while von Karman f s 
well-known formula (curve (a)), which is upon the same 
ba sis 




(70b) 



is about 35 percent low for specimen 5 near failure. 

The best description of the observed effective widths 
based on the actual critical stress is that of curve (1) , 
corresponding to Cox's formula for sheet with clamped 
edges. 

Deformation of Stringers 

In the computation of the actual strength of a sheet- 
stringer panel, it is not sufficient to know the load car- 
ried by the sheet as a function of the stringer stress and 
then to let the ultimate load of the panel be that for 
which the stringer stress attains the yield strength of 
the stringer material. This assumption would lead to re- 
sults on the unconservat ive side in all those cases in 
which the sheet-stringer combination fails by instability 
of the stringers. It is not possible with the present de- 
velopment of the theory to compute the buckling load of a 
sheet- stringer panel, even within the elastic range. The 
buckling load will be an exceedingly co mp licated f un c t i o n 
of the dimensions and elastic properties of the s.heet and 
the method of attachment of the sheet to the stringers. 

Tirnoshenko (reference 19, p. 371) has considered the 
buckling load of a sheet- stringer panel, where the failure 
of both sheet and stringer is simultaneous and where the 
stringers fail by bending without twisting. In the present 
panels, the sheet buckles long before the ultimate load of 
the panel has been reached. Also, the displacements of 
pointers attached to the stringers (figs. 31 and 36) in- 
dicated a rapidly Increasing twist of the stringers with 
increasing stringer loads. It was concluded that 
Tirno shenko * s theory could not be expected to give an ade- 
quate description of the strength of the sheet- stringer 
panels tested. 
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A method of attack that takes account of the twisting 
of the stringer "by the sheet is outlined "by Lundquist and 
Fligg (reference 35, p. 12), Lundquist and Fligg confined 
themselves to stringers with a symmetrical section. They 
carried their calculations through for a numerical example 
in which it was required to find the strength of a sheet- 
stringer panel consisting of I-type stringers fastened to 
0. 025-inch sheet. The Z-type stringers used in the present 
specimens are not symmetrical and their "buckling strength 
could not be computed "by this theory. The torsional insta- 
bility of asymmetrical stringers, has been investigated by 
Robert Kappus in a recent article (reference 35). Kappus 
did not consider the effect of sheet on the stability of 
his stringers. No attempt was made to extend his theory 
so as to include this effect. 

The theories for the buckling strength of sheet- 
stringer panels become of increasingly doubtful applica- 
tion as the stresses in the stringer and in the sheet 
cease to be proportional to the strains. This will be the 
case in practically all well-designed sheet- stringer pan- 
els in which the strength of the material is utilized to 
carry the load appreciably beyond the elastic range. 

Several relations have been proposed for reducing 
the elastic modulus to take care of the beginning of 
yielding of the material (reference 19, p. 334; reference 
35, p. 15). Unfortunately, too little is known of the 
yielding of material under combined stress to make any of 
these relations acceptable without the support of an ex- 
tensive series of tests. The present tests on only two 
specimens would not suffice to give a useful comparison 
with any of the theoretical extrapolations into the plas- 
tic range. 

APPLICATION OF SOUTHWELL 1 S METHOD TO STRINGER DEFORMATION 



In the absence of an adequate theory for the buckling 
failure of a stringer in a sheet- stringer combination, the j 
analysis of the measured deformations of the stringers was 
confined to an application of Southwell ? s method of deter- 
mining the elastic buckling load of a column from deflection 
readings at low loads (reference 37). Southwell noticed 
that a straight lino should be obtained by plotting observed 
deflections 5 of an initially slightly bent column against 
S/p when the observed loads P were not high enough to 
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produce stresses beyond the elastic limit. The line would 
have the equation 

P cr i - 6 - a . 0 (71) 

Its slope would equal the critical buckling* load P cr , and 

the intercept on the axis of 6 would be the initial de- 
flection a. H. H. Fisher has shown (reference 33) that 
Southwell's method of plotting will give nearly correct 
values of the critical load for members of constant section 
subjected to certain combinations of axial and transverse 
1 oad s • 

H. J. Sough and H. L. Cox (reference 39) have applied 
Southwell's method of* plotting to determine the critical 
buckling load of sheet stressed by shearing forces S act- 
ing in the plane of the sheet. In place of plotting 8/P 
against 6, they plotted w/s against w, where w was 
the measured amplitude of the wrinkles and S was the 
shear 'stress. They obtained agreement within a few percent 
With the theoretical buckling shear S Qy ^ although, in this 

case -at least, there was no proof given that Southwell's 
method of plotting would result in the correct buckling 
load. In view of this success, it seemed of interest to 
apply the method to the analysis of the measured deforma- 
tion of the stringers of specimens 1 and 5. 

Two types of reading were available for the deformation 
of the stringer as a bent column, that is, the strains read 
with Tuckerman optical strain gages mounted on the stringer 
flange (figs. 12 and 17) and the readings of pointer dis- 
placement indicating rotation about the y axis (figs. 32 and 
37). Twisting deformation of the stringer about the x @.xis 
was measured by means of pointers only (figs. 31 and 36). 

If a zero error exists in the observed deflections, or 
deformations, a plot of 5 against 5/p will not lie on a 
straight line. If a straight lino is to be obtained, the 
deflection 8 must be due to the load alone. In general, 
a zero correction S 0 must be applied to the indicated de- 
formation 6 x f so that 

8 = 6 X - 5 Q (72) 
actually represents the deformations leading to the final 
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failure. The. zero correction "/as determined in the present 
case to give an optimum fit to Southwell's relation (71) by 
successive substitutions of equation (72) in equation (71). 

A much more direct method of freeing Southwell's meth- 
od from errors due to the unknown zero correction has "been 
suggested by Lundq.uist (reference 40). Lundquist noticed 
that equation (71) could be written in the form 



where 6 is the deformation corresponding to a load p 
and 5' is the deformation corresponding to an initial 
load P 1 . Hence a straight line results if the difference 
in deformation is plotted against the ratio of difference 
in deformation to difference In load. The slope of the 
straight line will give the difference between the desired 
elastic buckling load ? Qy> and tnc initial load P ! ; the 

intercept gives the sum of the unknown deformation 5' at. 
the initial load and the initial deflection a, 3y taking 
the initial load P 1 sufficiently high f one avoids the dis- 
turbing effects of initial alinements, buckling of thin 
sheet, etc, Lund qui st 1 s method will lead to the same an- 
swer as the method of successive approximation used in the 
computations given in this report. It is also more conven- 
ient to use and would have been used for the present paper 
if it had been discovered earlier. 

A large number of curves of deformation against de- 
formation over load were plotted from the observed strain 
readings and the observed pointer displacements using the 
method of successive approximations. It was found from 
the plots that for large def or mat ions , the points showed 
an irregular behavior and also a large scatter in some 
cases although in most cases the points tended to scatter 
about a straight line. Some of the irregularities were 
probably due to the initial adjustments of the structure 
to the load, and others to buckling at low loads of the 
sheet; most of 'the scatter could be ascribed to inaccuracie 
in the reading of tnc deformations. 

A few of tnc plots showed a small scatter and there- 
fore led to an accurate value - of the slope. These curves 
are shown in figures 56 to 59. 



5 - 




(73) 



6 - 



6' = 
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Figure 60 shows a similar plot for the twisting defor- 
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•nation of the 5-inch stringer specimen tested as a short 
column (fig, 3). The twist was determined by using a 
Pucker man aut ©collimator to measure the angular displace- 
ment of a stellito mirror glued to the Z bar. 

The solid points shown in figuros 58 to 50 were taken 
from deformation readings at loads within 10 percent of 
the ultimate load. These points seem to follow Southwell's 
relation as well as the open points, which correspond to 
loads less than 90 percent of the ultimate load. It seems 
advisable to read deformations up to loads within nearly 10 
percent of the ultimate load to obtain a sufficient number 
of points for a Southwell plot. 

The Southwell method could not be applied to the buck- 
ling :,f the sheet .between stringers, as measured by the 
bending strain in the sheet, becaus.e of the lack of obser- 
vations below the buckling load. 

The elastic buckling loads calculated from figures 56 
to 50 are compared with the observed buckling loads in 
table IV. The comparison shows a close agreement between 
the observed ultimate load for specimen 1 and the elastic 
buckling loads for both column failure and for torsional 
instability as calculated from the pointer readings. The 
pointer readings indicate that the actual failure was one 
where bending and twist were combined in the deformation 
leading to failure. 

Figure 55 shows a Southwell plot of bending strain as 
measured by Tuckerman strain gages in addition to the plots 
of pointer readings. It was impossible to bring all the 
strain readings to scatter about a common straight line. 
The curve includes two approximately straight line portions, 
however, one for relatively low loads indicating an elastic 
buckling load of 48,800 pounds and another close to failure 
indicating the correct buckling load of 35,500 pounds, A 
Southwell plot that would have included only readings on 
the first straight- 1 ine range would obviously have led to 
the wrong answer. The Southwell method must, therefore, bo 
used with caution; a sufficiently large number of observed 
deformations must be plotted to establish the existence of 
a linear relation between 5 and 5 /P over a large range 
of deformations. 

In the case of specimen 5, the observed ultimate load 
agrees well with the calculated critical load for bending 
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failure but is about 3 percent less than the calculated 
load for twisting failure. Ihijs difference is too snail 
to indicate- that buckling failure must- have occurred in 
preference to twisting failure. It is likely that the 
final failure of specimens 1 and 3 both was due to a de- 
formation in which the stringers were simultaneously bent 
and twisted. 

In the case of the 5-inch, short-column specimen, a 
good, straight line was obtained only for the twist, with 
a slope of 6,400 pounds, which was in close agreement with 
the observed ultimate load of 5,300 pounds. 

The last column of table IV lists the stringer stress 
corresponding to the elastic buckling load, which was ob- 
tained by extrapolating the experimental curves of stringer 
load in figures 40 and 41 to an external load equal to the 
elastic buckling load. Comparison with figure 4 shows that 
the stringer stress for elastic buckling lies well beyond 
the elastic portion of the stress-strain curve in most 
cases. In the case of the 5-inch Z bar, which failed by 
twisting, it is actually 20 percent above the compressive 
yield strength of the material; it may be concluded that 
the section retained its torsional rigidity under stresses 
producing plastic yielding in compression. 



CONCLUSIONS 



The deformation of two she e t- s tr inger panels subjected 
to end compression under carefully controlled end conditions 
(ends cast in Wood's metal, sides simply supported) was 
measured at a number of points and at a number of loads, 
most of them above the load at which the sheet had begun to 
buckle. The two panels were identical except for the sheet, 
which was 0.070-inch 24ST Alclad for the first panel, de- 
signated as specimen 1, and 0.025-inch 24ST aluminum alloy 
for the second panel, designated as specimen 6. 

A technique was developed for attaching Tuckerman opti- 
cal strain gages to the sheet without disturbing the strain 
distribution in the sheet by the method of attachment. By 
means of this technique, extreme fiber strains were measured 
in an axial as well as in a transverse direction at a suf- 
ficient number of points on specimen 6 to give a fairly 
complete picture of the strain distribution in the buckled 
sheet . 
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The shape of the buckles in the sheet of 
was recorded at two loads by means of plaster 
casts. 

The twisting and the bending of the stringers were 
measured by means of pointers attached to the stringers 
at a large number of sections. Pointer positions were re- 
corded photographically up to the ultimate load, at which 
the stringers failed by buckling. 

The sheet loads at failure and the stringer loads at 
failure were compared with the corresponding loads for a 
set of five similar panels tested at the Navy model basin. 
The sheet load at failure was found to be nearly constant 
for a given size of sheet, ranging from 5,500 to 5,650 
pounds for the 0.070-inch 34ST Alclad and from 900 to 1,100 
pounds for the 0.025-inch 34'SI sheet. The average stringer 
stress at failure was equal to 36', 200 pounds per square 
inch for each one of the two specimens tested at tho Nation- 
al Bureau of Standards. It ranged from 30,200 to 38,400 
pounds per square inch for the specimens tested at the model 
basin. The loss in buckling strength of the stringers in 
some of the panels tested at the model basin was probably 
due to a difference in end restraint, the flat-end condi- 
tion used at the model basin tests providing less restraint 
than the casting of the ends in Wood's metal used at the 
National Bureau of Standards. 

A detailed comparison was made between the measured 
deformation of the buckled sheet and the deformation cal- 
culated from approximate theories for the deformation in a 
square sheet with freely supported edges buckling under 
end compression which have been advanced by Timoshenko, 
Frankland, and Marguerre. Frankland 1 s theory is the only 
one of the three considering the effect of the stringer. 
Timoshenko 1 s solution was extended to cover the case of 
rectangular buckles that were not square. The buckles in 
the sheet- stringer panels had a ratio of 0.6 to 0.7 of 
length to width so that this extension seemed desirable. 
Frankland 1 s theory and Marguerre' s theory were used without 
going beyond the relatively simple special case of the 
square sheet. The comparison led to the following results. 

The sheet load and the effective width of the sheet 
was most accurately described by Marguerre' s approximate 
theory; a relatively "exact" formula due to Marguerre gave 
still better agreement with the observed sheet load. 
Frankland' s theory described the effective width for spec- 



specimen 6 
of paris 
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irnen 1 "but gave values that were too high for .specimen 6. 
Timo shenko 1 s theory resulted in a variation (up to 25 per- 
cent) in effective width in passing from the node of a 
"buckle to its crest, which was larger than that observed 
hut which covered the observed values within its. range. 

The distribution of median fiber strain across the 
sheet was fairly well described by all three theories, 
with Timoshenko's and Frankland' s theories somewhat better 
than Marguerre' s. Timo shenko 1 s theory predicted, in par- 
ticular, the somewhat paradoxical setting up of median 
fiber tensile strain in the center of the sheet under suf- 
ficiently high end compression. 

The distribution of transverse strain was found to 
be described satisfactorily by yrankland*s theory only. 
The distribution given by Timo shenko 1 s and Marguerre ! s 
theories differed from the observed values not only quan- 
titatively but even in sign. 

The measured distribution of axial stress across the 
sheet of specimen 6 was described most satisfactorily by 
Frankland ' s theory. limp sbenko 1 s theory indicated a change 
in stress distribution in passing from a buckle node to a 
buckle crest which was greater than the observed change and 
which differed from it in character. Marguerre ! s approxi- 
mate theory showed no change in stress distribution in an 
axial direction; the shape of the stress-distribution curve 
differed considerably from the observed curv e , especially at 
high loads. The variation with load of the axial stress 
at the buckle crest for specimen 6 was best described by 
Frankland f s theory while that of the transverse stress at 
the buckle crest was best described by Marguerre 1 s theory. 
The shape of the buckle was best described by Timoshenko^ 
theory. A corresponding agreement could not be expected 
from iviarguerr e 1 s and Frankland's theories, which had not 
been extended to the case of rectangular buckles different 
from a square. Marguerre' s buckle had a transverse section 
which was not sinusoidal as for the other two theories but 
•which had a third-order harmonic to describe the presence 
of local buckles near the edge of the sheet. The third- 
order component increased rapidly as the buckles in the 
'sheet became deeper and led to an increased difference be- 
tween the calculated and the measured buckle contour. 

It is probable that both Frankland 1 s and Marguorre's 
theories would describe the deformation of the buckled 
sheet better than Tirnp shenko 1 s . theory if the numerical 
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solutions were extended to rectangular buckles that are 
not square, An improvement in all three theories as ap- 
plied to the buckling of the sheet between stringers is 
to be expected from the assumption of a buckle- contour 
whose transverse section more nearly corresponded to that 
of the measured buckles; the transverse sections of the 
measured buckles showed a lessening in the slope near the 
stringer edge due to the restraint from the stringers to 
which the sheet is attached, while the slope of the the- 
oretical buckl e n ara s a maximum at the stringer edge. 

The measured effective width for specimens 1 and S 
was compared with the effective width given by nine dif- 
ferent relations for effective width as a function of the 
edge stress <j divided by the buckling stress a cr of 

the sheet, which were found in the literature. The value 
of T cr will, in general, depend on the method of attach- 
ment of the sheet to the stringer and also on the rigidity 
of the stringer. Taking it equal to the measured critical 
stress brought the points for both specimens to scatter 
about a common curve excepting those points where yield- 
ing of the plate was appreciable. The most satisfactory 
description of this curve was given by Cox 1 s formula 

w/2a = 0.14 + 0.35 *ft 0T -/d in which w/2a is the ratio 

of the effective width w of the sheet to its initial 
width 2a. Approximating cr cr by its value for a long 

rectangular sheet with supported edges gave values that 
were about 8 percent low for specimen 1 and about 40 per- 
cent low for specimen 6. Applying this convenient though 
inaccurate approximation gave the best results with 

Mar guerre 1 s formula w = 2a ^/a cr / a = 1.54 t /l — where 

' vat 
t is the sheet thickness; this formula was found to de- 
scribe the observed effective width of both specimens up 
to failure within 12 percent. Von Karman's well-known 
formula, which is upon the sane basis w = 3a Vcr /a = 

1.92 t i/m j a, was found to lead to effective widths up- to 
35 percent below those observed for specimen 5. 

The analysis of the measured stringer deformation was 
confined to an application of Southwell's method of plot- 
ting deformation against deformation .over load. If, the 
stringer approaches instability in accordance with 
Southwell's relation, the deformation will be a linear 
function of the deformation divided by the load and the 
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slope of the straight line obtained will "be equal to the 
elastic buckling load. Care must "be taken to plot the 
deformation due to the load, which necessitates a small 
zero correction to the measured : def or mati on in many cases. 
Applying this correction to the twisting deformation of 
one of the stringers of specimen 1, as measured "by the 
displacement of pointers attached to the stringer, gave 
excellent straight lines with a slope in remarkable agree- 
ment with the observed ultimate load of the panel. A 
very good check with the observed ultimate load was also 
obtained from a plot of the bending deformation as indi- 
cated by the pointer readings. A plot of bonding defor- 
mation of the stringer as indicated by the difference in 
extreme fiber strains measured by . Tucker man optical strain 
gages gave a number of points which could not be brought 
to scatter about a common straight line but which had two 
approximately strai ght- li ne portions, one with a slope 34 
percent greater than the ultimate load and the other with 
a slope equal to the ultimate load. A Southwell plot that 
would have included only readings in the first straight- 
line range would, obviously, have led to the wrong answer. 
In the case of specimen 6, buckling loads for twisting de- 
formation and for bending deformation wore not in as 
striking agreement with the observed buckling load, but the 
agreement was still sufficient to indicate that the stringer 
failure in both specimens was due to an instability in 
which the stringer was simultaneously twisted and bent as 
a column. The conclusion that the failure of the stringers 
of both, specimens was due to a combination of twisting in- 
stability and column instability was also drawn from the 
plots of observed twists about three mutually perpendicular 
axes, which were obtained from the displacements of the 
pointers attached to the stringers. 

Application of Southwell f s .-method to the twisting 
failure of a 5-inch stringer specimen tested as a short 
column lad to a buckling load that was in close agreement 
with the observed buckling load, although the axial com- 
pressive stress at failure was well above the yield 
strength of the material. 

It must not be concluded from the success of 
Southwell's method in all those cases in which the exist- 
ence of a straight- 1 ine relation between deformation and 
deformation' over load was established over a large range . 
of deformations that Southwell 1 s method is applicable to 
the whole range of primary instabilities that may be en- 
countered in mbnocoque construction. Proofs for the 
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validity of the method have been found in the literature 
for only two cases: the slightly bent elastic column, and 
the elastic member of constant section under certain com- 
binations of axial and transverse loads. Except for these 
special cases, the validity of the method rests on rather 
meager experimental evidence such as the work of G-ough and 
Cox on the buckling of plates subjected to edge shears and 
the work presented in this paper. Much more empirical evi- 
dence and .much more theoretical knowledge are needed on 
the change of deformation with load of structures approach- 
ing instability to establish the scope of the method and 
to clear up cases of straight-line plots over a limited 
range of deformation which may lead to erroneous conclu- 
sions.* 



National Bureau of Standards, 

Washington, D .. C., September 21, 1938. 



*A theoretical explanation for the greater generality of 
Southwell's method has been advanced by L. B . Tuckerman 
since the preparation of this note. Tuckerman showed in 
a paper entitled "He t er o s tat i c Loading and Critical Astatic 
Loads" (Jour. Res., Natl. Bur. Stand., vol. 22 (1939) pp. 
1-13, RP 1163) that Southwell's relation will apply to any 
one of the great family of instabilities included in 
Wostergaard* s general theory for the buckling of elastic 
structures • ' 
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TABLE I - DESCRIPTION OF SHEET- STRINGER SPECIMENS 
IjSee also fig. 1J 



Spec- 
imen 


1 

Material 


Length 
(in.) 


Width 
(in.) 


Sheet 
thick- 
ness 
(in.) 


Total 
stringer 
area 

3 A st 
(sq. in. ) 


1 Total 
sheet 
area 

(sq. 
in. ) 


Ratio of 
stringer 
area to 
total area 


Stringers 


Sheet 


^A 5 + 3A Gt 


1 


2^ST 
Extruded 


24-ST 
Alclad 


19 


16 


0.070 


0.39 


1.12 


0.2b 


r 


&m 

Extruded 


2UST 


19 

j 


l6 


.025 

1 


• 39 


.ho 





TABLE II - TENSILE PROPERTIES OF SHEET AND Z STRINGERS 
AS OBTAINED 3Y NAVY DEPARTMENT 







Tensile 






Young 1 s 


yield 


Tensi le 




modulus 


strength 


strength 




(kips per 


(kips per 


(kips per 




sq . in . ) 


s q . in.) 


sq . in . ) 


Specimen 1 : 








X 24ST Alclad sheet 


9 , 700 


49.7 


52.8 


Stringer 








A 


10,300 


47.9 




B 


10,500 


52.8 


64.0 


C 


1 0 , 400 


50. 1 


63 . 5 


Specimen 6: 








24ST sheet 


10,500 


47.3 


55. 5 


Stringer 








Q ' 


10, 50C 


51.8 


53.3 


E 


10,500 


51.9 


63.5 


s 


10,400 


51.6 


55.0 



TABLE III - RESULTS OF END COMPRESSION TESTS OF 8HEET-8TRINGER PANELS 



Specimen 


Sheet 


Length 
(in.) 


LoacLs at failure 


Stringer stress at failure 
(average) 

(lb./sq. in.) 


1 Effeotive width of 
plate at failure 

(in.) 


Mat erial 


IPv4 aU>»>. 

(in.) 


Total 
(lb.) 


Average 


Sheet 
element 

(lb.) 


Stringer 
element 
(lb.) 


1 


National Bureau of 


248T Alclad 


0.070 


19.00 


36,500 


5,600 


4,700 


36,200 


2.35 




Standards 














2A 


Navy model basin 


24ST Alclad 


.070 


7.26 


36,800 


5,650 


4,730 


36,400 


2.59 


2B 


Navy model basin 


24ST Alclad 


.070 


11.62 


37,000 


5,600 


4,870 


37,400 


2.35 


3 


Navy model basin 


24ST Alclad 


.070 


19 


36,000 


5,500 


5,000 


38,400 


2.55 


4 


Navy model basin 














Top section 


24ST 


.025 


19 


15,800 


900 


4,070 


31,300 


1.12 




Middle section 


24ST 


.025 


19 


15,800 


1,000 


3,930 


30,200 


1.25 


5 


Navy model basin 


248T 


.025 


19 


16,100 


1,050 


3,970 


30,400 


1.35 


6 


National Bureau of 
















Standards 


24ST' 


.025 


19 


18,400 


1,100 


4,700 


36,200 


1.27 



Extrapolated to load at failure 



TABLE IV - RESULTS OF SOUTHWELL PLOTS OF STRINGER DEFORMATION 
(Confined to plots with a scatter of points about a common straight line) 



Specimen 1 Type of deformation 



5-inch 
Z bar 



Bending as a column 

Bending as a column 

Twisting 

Twisting 

Twisting 

Twisting 

Bending as a column 
Bending as a column 
Bending as a column 
Twisting 
Twisting 
Twisting 

Twisting 



Measured by 



Rotation of 
Rotation of 
Rotation of 
Rotation of 
Rotation of 
Rotation of 



pointer 8, 
pointer 9, 
pointer 5, 
pointer 6, 
pointer 7, 
pointer 9, 



stringer A 
stringer A 
stringer A 
stringer A 
stringer A 
stringer A 



Difference in strain at center, stringer R 
Pointer 3, stringer R 
Pointer 4, stringer R 
Pointer 6, stringer R 
Pointer 7, stringer R 
Pointer 8, stringer R 

Rotation of section 



Estimate of 
elastic buckling load 
by Southwell 1 8 method 
(lb.) 



36,000 
36,000 
36,500 
36,500 
36,500 
36,500 

19,100 
19,100 
19,100 
20,000 
20,000 
20,000 

6,400 



Observed load 
at failure 

(lb.) 



36,500 
36,500 
36,500 
36,500 
36 , 500 
36,500 

18,400 
18,400 
18,400 
18,400 
18,400 
18,400 

6,300 



1 Stringer stress for 
elastic buckling 

(lb./sq. in.) 



33,800 
33,800 
35,600 
35,600 
35,600 
35,600 

37,100 
37,100 
37,100 
39,200 
39,200 
39,200 

49,200 



Stringer stress calculated by extrapolation from figures 40 and 41. 
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Figs. 1,7,10 
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Detail of stringer 

.06" 



speoiaen 1 

h «= 0.025" 
specimen 6 




Area « .13 sq. In. 



Figure 1.- 8heet-et ringer specimens 1 and 6. 




Figure 10.- Illustration of shortening 
due to bowing. 
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Fig. 2 
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Figure 2.- Column strength of Z stringers, 
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Fig. 3,8 




Figure 8*- Method of holding strain gage on sheet. 



B 



▲ 5-inch short column specimen after 
failure 9 showing method of casting 
ends in Wood's metal. 




B 8-inch short column specimen after 
failure. 



Figure 3 # - Flat - end-column specimens 



N.A.C.A. Technical Note No. 684 



Fig. 4 
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Figure 4.- Column test of 5 inch Z bar specimen, (ends cast in 

Wool's metal). Yield strength, 40.5 kips / sq . in., Column 
strength, 48.3 kips/so. in. . maximum load, 6.3 ^ips, area= 
0.1304 sn. in. . l/r * 14.3 . 
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Fig. 5 
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Figure 5.- Column test of 8 inch Z bar specimen, (en Is cast in Wood's 
metal) Column strength, 40.65 kips/sq, in.; maximum load, 
5.3 kips.; area, 0.1304 sq. in, 



l/r = 22.9 . 
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Figure 11.- Distribution of axial strain at median fiber along 
transverse center line. Specimen 1. 
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Fig. 12 
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Figure 12,- Distribution of extreme fiber strains along transverse 
center line. Specimen 1, load, 25,000 lb. 
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Fig. 13 




Figure 13. ~ Buckling indicated by spreai of extreme fiber strains. 
Specimen 1. 
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Figure 15.- Stringer strain against total load. 
Specimen 1. 
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Figure 16.- Distribution of axial strain at median 
fiber along transverse center line. 
Specimen 6. 
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Fig. 17 




©Average strain xSheet side strain +Stringer side strain 



ffigure 17.- Distribution of extreme fiber strains along transverse 
center line. Specimen 6; Load, 10,900 lb. 
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Ficon 20.- Median fiber strain distribution along transverse center line. 
Bey 3, specimen 6, 0.085 in, sheet. 
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Fie. 23 
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Figure 23.- Stringer strain against load. Specimen 6,. ( 0.025 in. 
sheet) 
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Fig. 24 
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Figure 24. ~ Plaster cast of bay 3, specimen 6. ( load, 10,900 lb.) 
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Figure 25.- Deflection due to buckling. 
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Figure 27.- Deflection due to buckling. 

Load, 6,800 lb. Specimen 6. 
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Figure 28.- Deflection due to buckling. 

Load, 10,900 lb. Specimen 6. 
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Fig. 29 




Figure 2^ 



- Diagram of pointers attached to stringers of specimen 1. 




ligure 30.- Specimen 1 with pointers attached to measure stringer deformation. Load, 29,000 lb* 
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figure 31.- 

Rotatloa 

. Vfc 6 ? of stringer B 
<« of tpeoiira 1 
about an axis of 
stringer . 
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Figure No. 32.- Rotation Gy of stringer B of specimen 1 about an 
axis parallel to sheet normal to stringer . 
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Figure lo. 33.- Rotation 6 a of stringer B of specimen 1 about an 
axis normal to sheet. 
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Fig. 35 




Figure 35. 



~ Diagram of pointers attached to stringers of specimen 6. 
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Figs. 36,37 
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Figure 36.- Rotation 0*0* stringer R of specimen 6 about axis of stringer, c/ 
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Figure 37.- Rotation 9 y of stringer R of specimen 6 about axis parallel to 
sheet normal to stringer. 
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Figs. 38,40 
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Figure 38.- Rotation e s of stringer R of specimen 6 about an axis normal to sheet. 




Figure 40.- 
Comparison of 
measured and 
calculated 
sheet loads 
and stringer _ 
loads for 
sheet-stringer 
panels of 

0. 07 in. 
34ST Alclad, 
design figure 

1, tested at 
National 
Bureau of 
Standards 
and at 
Mary 
model 
basin. _ 
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Figs. 41, 42 
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Figure 41.- Com- 
parison of meas- 
ured and calcu- 
lated sheet loads 
and stringer loads 
for sheet-stringer 
panels of 0.025 in. 
24ST Duralumin, 
design figure 1, 
tested at National 
Bureau of Stand- 
ards and at Navy 
model basin. 



Sheet load obtained 
by subtracting 
stringer loads from 
total and dividing 
by 4. 
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external load on specimens, kips. 
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Fig-ore 43.- Effective plate width against stringer stress. Panels 
with 0.025 in. 24ST sheet. 
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Fig. 44 



~ Shape before loading 
Shape after loading 




Figure 44.- Diagram showing dimensions and coordinates for 

buckling of a rectangular plate under compressive 
load. 
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Fig. 45 
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r =s b/a 

Figure 45.- Variation of R , Ei and with tne ratio r=b/a. 
( Timoshenko 1 s theory.) 
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Fig. 46 
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Figure 46.- Compressive strain. Specimen 1. Transverse center- 
line, 0,070 in. sheet; bay 3; load, 25,000 lb.. 



U.A.C.A. Technical TTote n 0> ^34 Fig f 47 



20x10- 4 _ 



i Calculated 

1 

I f V 

I (a) Timoshenko 

; -(b) Frar.kland 

! (c) Mar guerre (approx. ) 

* Observed 




Distance from center of "bay, in. 



Figure 



47.- 



Axial compressive strain at median fiber on transverse 
center line. Bay 3; specimen 6; total load, n,800 lb. 
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Fig, 48 
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Figure 48.- Axial compressive strain at median fiber on transverse 
center line. Bay 3; specimen 6; total load, 10,900 lb. 
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Figure 49.- Transverse strain on transverse center line. Bay 3; 
specimen 6; load, 10,900 lb. 
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Fig. 50 
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Figure 50.- Distribution of axial stress across sheet. Specimen 6, 
load, 6,800 lb. , ¥ay 3. 
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Figure 51.- Distribution of axial stress across sheet. Specimen 6; 
load, 10, ^00 lb. , bay 3. 
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52.- Axial and transverse stress at crest of buckle. Bay 3, specimen 6, 
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Figure 53.- Compression stress-strain curve of 0,064- in, 24ST 
Alclad aluminum-alloy sheet loaded in lir c* c 1 1 o n 
of rolling. 
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Compression stress train curve of 0.032 in. 24ST 
aluminum-alloy sheet loaded in direction of rolling. 
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Figs. 55, 56 




Figure 55.- 
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Figure 56.- Southwell's analysis of column instability. Stringer A, specimen 1. 
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Figure 58.- Southwell's analysis of column instability. Stringer R; specimen 6. 
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Figure 59.- Southwell 1 8 analysis of twisting instability stringer R: 
specimen 6. 
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